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We compute the differential cross-section for inclusive prompt photon+quark production in deeply
inelastic scattering of electrons off nuclei at small x (e+A DIS) in the framework of the Color Glass
Condensate effective field theory. The result is expressed as a convolution of the leading order (in
the strong coupling αs) impact factor for the process and universal dipole matrix elements, in the
limit of hard photon transverse momentum relative to the nuclear saturation scale Qs,A(x). We
perform a numerical study of this process for the kinematics of the Electron-Ion Collider (EIC),
exploring in particular the azimuthal angle correlations between the final state photon and quark.
We observe a systematic suppression and broadening pattern of the back-to-back peak in the relative
azimuthal angle distribution, as the saturation scale is increased by replacing proton targets with
gold nuclei. Our results suggest that photon+jet final states in inclusive e+A DIS at high energies
are in general a promising channel for exploring gluon saturation that is complementary to inclusive
and diffractive dijet production. They also provide a sensitive empirical test of the universality
of dipole matrix elements when compared to identical measurements in proton-nucleus collisions.
However because photon+jet correlations at small x in EIC kinematics require jet reconstruction at
small k⊥, it will be important to study their feasibility relative to photon-hadron correlations.
I. INTRODUCTION
It is conjectured [1, 2] that the proliferation of soft (small x) gluons in hadron wavefunctions at high energies via
bremsstrahlung is saturated by many-body screening and recombination effects when gluon occupancies are para-
metrically O(1/αs), where αs is the QCD coupling. The discovery and characterization of this gluon saturation
phenomenon is a major goal of deeply inelastic scattering (DIS) experiments at the Electron-Ion Collider (EIC) and
several signatures of gluon saturation have been discussed in this context [3, 4].
We will discuss here the process e + A → e + γ + jet + X corresponding to the computation of a photon+quark
inclusive final state in DIS off a nucleus with mass number A, where the quark fragments to a jet and an arbitrary
number X of other final state hadrons are produced. This process (isolated photon+jet) was previously measured at
HERA in DIS off protons [5] and compared to perturbative QCD (pQCD) computations1 to O(α2emαs) in [8–10].
Our focus here is to explore the impact of gluon saturation on photon+jet correlations at the EIC. The distinguishing
feature of this phenomenon is an emergent semi-hard saturation scale Qs,A(x) that increases with decreasing x and
increasing mass number A. We will study how the saturation scale scale modifies photon+jet correlations. Because
all-twist many-body correlations become important in this regime, this requires one to go beyond leading twist
perturbative computations at small x and resum powers of Q2s,A/Q
2 to all orders at each order in the weak coupling
expansion in αs.
The physics of “saturated” gluons in QCD is described by the Color Glass Condensate (CGC) effective field theory
(EFT) [11–20] which employs a Born-Oppenheimer separation of the hadron wavefunction whereby the dynamics of
small x partons is sourced by static large x parton color charges. The saturation scale Q2s(x) appears as a dimensionful
scale in this EFT and corresponds to the density of color sources that interact coherently with the small x partons.
The density of color sources grows with mass number, thus one obtains Q2s ∝ A1/3. Since the saturation scale is
the only dimensionful scale at x (and A) where Q2s(x)  Λ2QCD, the typical momenta of partons is peaked at this
scale. Since then αs(Q
2
s) 1, the EFT provides a systematic semi-classical weak coupling expansion in the strongly
correlated, non-linear small x regime of QCD [11–13] where the phase space occupancy of gluons ∼ 1/αs(Qs(x)) 1
is large.
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1 Note that these authors with their collaborators have also computed inclusive photon production [6, 7] in the same framework and
compared their results to HERA data.
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2Testing the quantitative reliability of perturbative calculations in the CGC EFT requires one to consider observables
which can provide a clear picture of the underlying dynamics. Inclusive prompt photon production and prompt
photon-jet angular correlations are two examples of such observables. These processes have been studied thus far
in the CGC EFT only in the context of proton-proton/nucleus (p + A) collisions [21–37]. In this paper, we will
present the first computation of the leading order (LO) cross-section for the inclusive production of a prompt photon
in association with a quark (jet) in electron-nucleus (e + A) scattering, in the Regge-Gribov kinematics of fixed Q2,
squared center-of-mass energy s → ∞ and Bjorken xBj → 0. Our work employs the formalism for inclusive prompt
photon+quark-antiquark (γ+qq¯) dijet production to next-to-leading order (NLO) developed in [38–40]. We will adapt
this formalism to study the impact of gluon saturation on inclusive photon+quark correlations. Due to the analytical
and numerical complexity of the computations, we will only consider the LO formalism here; the extension to NLO
will be left to future work.
At LO in αs, inclusive prompt photon+jet production in e+A scattering at small x proceeds through the fluctuation
of the exchanged virtual photon into a long-lived quark-antiquark dipole plus a photon emitted from either parton2.
The quark and antiquark can multiple scatter coherently off the dense gluons in the nucleus either before or after
emitting the photon. As a result of this multiple scattering, the quark and/or antiquark acquires a Wilson line
color phase. Indeed, in the eikonal approximation valid at high energies, spatial correlators of these Wilson lines
incorporate all the information about the nuclear target accessed in the DIS process at small x. Specifically, in
the case of photon+dijet production, the quantum expectation value for the process depends on two-point “dipole”
and four-point “quadrupole” correlators [38]. The former is accessed in fully inclusive DIS while extraction of the
latter requires more differential measurements such as inclusive dijet production [41, 42] and the photon+dijet process
discussed in [38].
An interesting question we will address is whether the photon+quark process at LO is sensitive to both dipole and
quadrupole correlators. This is not evident from a brute force integration of the phase space of the antiquark in the
expression for the cross-section for photon+quark+antiquark production. Towards this end, we will show that the
results of [38] can be reexpressed in a form where, for a clearly identified photon+quark hard process, the cross-section
is sensitive only to dipole correlators. As a corollary, as the phase space for isolation cut on the photon is reduced,
the cross-section will show increasing sensitivity to quadrupole correlators.
In addition to addressing the formal question on the relative sensitivity of dipole and quadrupole correlators, we will
explore the discovery potential of this measurement in the kinematics of the EIC. The prospect of such measurements
is exciting since they will be performed in e + A collisions at the EIC for the first time. Further, the EIC will
operate at unprecedented luminosities which opens up the possibility to measure rare events through comprehensive
analyses of experimental data hitherto unavailable even in electron-proton collisions. While identical measurements
are feasible in p+ A collisions at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC),
final state interactions in such experiments complicate the unambiguous extraction of gluon saturation in the hadron
wavefunctions. However because the computation of this process also exists in the CGC EFT, comparisons of the
results of e+A and p+A collisions offer one the opportunity to systematically isolate initial and final state contributions
and thereby extract universal features of gluon saturation. Specifically, we will be able to determine if the dipole and
quadrupole operators extracted from different processes in DIS are the same as those extracted in p+A collisions.
Turning now to empirical probes, we note that measurements of azimuthal angle correlations of final state particles
are especially sensitive to gluon saturation. In conventional perturbative QCD, energy-momentum conservation
dictates that a hard photon (or jet) is produced back-to-back with another jet because only transverse momentum
k⊥ ≤ ΛQCD is assumed to be transferred from a hadron in the computation of the hard cross-section. However, as
we noted, with the onset of gluon saturation, the momentum transfer from the hadron is given by k⊥ ∼ Qs(x). This
contributes to a systematic suppression and broadening of the back-to-back or “away side” peak in the ∆φ relative
azimuthal distribution of the hard photon-jet cross-section or of dijets.
Much of the discussion on azimuthal angle correlations at small x in the CGC and related frameworks has been
restricted to dijet/dihadron production in p(d) + A collisions [41, 43–55]. Similar studies have been performed for
the case of e + A scattering for the production of dijets/dihadrons [42, 56–58] and trijets3 [61]. We will explore
here such correlations between the observed photon and quark in the context of e + A collisions at small x. We
will show that our results are similar to those for inclusive photon+hadron production in p + A collisions in LHC
kinematics [27, 28, 30, 33, 62] where a suppression and broadening of the “back-to-back” peak in the azimuthal angle
distribution is predicted.
The outline of the paper is as follows. In Section II, we begin with general definitions for the various kinematic
quantities involved in this DIS process of interest. We next formulate the computation of the amplitude and elucidate
2 Note that this contribution is formally NLO in the pQCD power counting of Refs. [8–10].
3 See [59, 60] for a discussion on angular correlations in dijet plus photon and three jet production respectively, for the case of p + A
collisions.
3the different components necessary for obtaining the cross-section for inclusive prompt photon+quark production
in e + A DIS at small x. The key expression for the cross-section is written in Eq. (18) in terms of contributions
from different polarization states of the exchanged virtual photon. The most important ingredients in deriving this
quantity are the amplitude and cross-section for γ+ qq¯ production in the hadronic subprocess (virtual photon-nucleus
scattering), for a given polarization of the virtual photon.
We discuss the computation of the former in section III; the expression for the amplitude is provided in Eqs. (34)
and (35). Using this expression for the amplitude, we derive in Section IV, results for the cross-section for γ + qq¯
production separately for the longitudinal and transverse polarizations of the virtual photon. The contribution from
the longitudinally polarized photon to the cross-section is given by Eqs. (52) and (54) and the net contribution from
the two transverse polarization states is given by Eqs. (59) through (63).
In Section V, divided into three subsections, we obtain results for the cross-section for γ + q production using
expressions for the γ + qq¯ cross-section obtained in the previous section and integrating over the phase space of
the antiquark. We consider the case of a longitudinally polarized virtual photon to demonstrate this procedure.
The corresponding exercise for transverse polarizations is discussed in Appendix F. In Section V A, we discuss in
detail the treatment of the singular contribution for the case when the emitted photon becomes collinear to the
integrated antiquark. We use a simple cutoff procedure to regulate the collinear divergence and absorb it into
the (anti)quark-to-photon fragmentation function; the cross-section proportional to this is given by Eq. (76). In
Section V B, we combine the non-divergent terms from the integration over the antiquark phase space into what we
call the “direct” photon+quark contribution to the cross-section. The results are given in Eqs. (80)-(85). We then
consider in Section V C a limiting form of the “direct” photon+quark production cross-section in momentum space.
We show that this contribution is dominated by photons that are hard relative to Qs. This momentum space expression
for the direct photon+quark cross-section is given in Eq. (102) with its constituents defined in Eqs. (103)-(107).
One of the main advantages of the simplification in Section V C is that it significantly aids in the numerical analyses
for direct photon+quark production. In Section VI we employ these results to study for the first time the azimuthal
angle correlations in direct photon-quark in e + A scattering at small x. Since we are able to identify a kinematic
region where only dipole Wilson line correlators contribute, we can study the energy evolution of the azimuthal
angle correlations by computing the x evolution of this correlator. This is to a good approximation described by the
Balitsky-Kovchegov (BK) renormalization group (RG) equation [63, 64] that systematically resums leading logarithms
containing all powers of αs lnx. In our work, we will employ the running coupling (BK) equation that involves a specific
scheme for running coupling effects that appear at next-to-leading log accuracy in the RG evolution [65].
In section VI A we review the setup of the calculation and in section VI B we present the numerical results. We
focus our attention on the suppression and broadening of the back-to-back peak as we change the nuclear species from
proton to gold (Au). We study the dependence of these observables on different kinematic variables, the transverse
momenta and rapidity of of the final state photon and the Q2 dependence of the virtual photon probe in the scattering
process. We summarize our principal results in Section VII and briefly discuss future work in the framework of this
computation.
Appendices A-G supplement the material in the main text. The conventions for light cone coordinates are given in
Appendix A. Appendix B discusses the Feynman rules used in the CGC EFT calculation. In Appendix C, we present
expressions for the squared amplitude for longitudinal and transverse polarizations of the virtual photon that are
used to construct the perturbative components of the cross-section in Eqs. (52) and (59). In Appendix D, we list the
identities involving traces of gamma matrices and photon polarization vectors that are used to derive the results in
the previous section. These are very general and may be useful for other small x computations. Appendix E contains
explicit expressions for the various quantities that constitute the expression for the cross-section for γ+qq¯ production
from a transversely polarized virtual photon given by Eqs. (59)-(63).
Appendix F details the computation of the cross-section for photon+quark production for the case of transversely
polarized virtual photons. Here the discussion is organized in an identical manner to the discussion in Section V and
results for the fragmentation and direct photon+quark contributions are presented separately over three subsections.
In Appendix F 1, we present in Eq. (F3) the combined contribution from the two transverse polarization states of
γ∗ towards the fragmentation photon+quark cross-section. The corresponding results for the direct photon+quark
production are provided in Appendix F 2 in Eqs. (F6) through (F16). In Appendix F 3, we obtain a simplified
expression for this cross-section fully in momentum space; this is given by Eq. (F27), with its constituents defined in
Eqs. (F28) through (F39). We will use the results of Appendix F 3 in our numerical analyses in Section VI. Finally,
Appendix G contains expressions for inclusive quark production in DIS at small xBj for different polarizations of the
virtual photon. These are used in the normalization of the observable that is numerically evaluated and depicted
graphically in Section VI.
4II. GENERAL CONSIDERATIONS AND OUTLINE OF THE COMPUTATION
In this section, we will discuss features of the CGC EFT framework necessary to compute the cross-section for
inclusive prompt photon+quark production in e+A scattering at small x. These considerations are quite general and
apply to any inclusive process in e+A collisions.
We begin with a brief description of the relevant kinematics. A relativistic energetic electron with four momentum,
ke is scattered off an ultrarelativistic nucleus with momentum PN , per nucleon. The scattered electron has momentum
k′e and the invariant mass of the recoiling system is given by W . We will work in a frame where the nucleus is right
moving and has a large ‘+’ component of nucleon light cone4 (LC) momentum P+N and both the nucleon and the
virtual photon exchanged in the scattering have zero transverse momentum,
q = (− Q
2
2q−
, q−,0⊥) , PN = (P+N , 0,0⊥) . (1)
We assume in this work that P−N =
M2N
2P+N
' 0, since P+N MN , where MN is the mass of the nucleon. The virtuality
Q2 of the virtual photon is completely determined by the four momenta of the incoming and outgoing electron,
Q2 = −(ke − k′e)2. We will consider the deeply inelastic scattering (DIS) region of e+ A collisions, where Q2 M2N
and W 2  M2N , with W 2 = (q + PN )2 ' 2q− P+N (neglecting q2 relative to 2P · q ≡ 2P+N q−). For the kinematics of
interest, the largest energy scale in the process is the center-of-mass energy,
√
s, where s = (ke + PN )
2 = 2k−e P
+
N
since we will consider only xBj =
Q2
sy ≤ 10−2, with fixed inelasticity y = P ·qP ·k . We will neglect the mass of the electron
throughout the calculation.
As discussed in the introduction, the inclusive prompt photon+quark production in DIS at small x proceeds through
the hadronic subprocess in which the exchanged virtual photon (γ∗) fluctuates into a long-lived quark-antiquark (qq¯)
dipole, which multiple scatters off the classical background field of the nucleus, and the quark or antiquark emits
a photon (γ) prior or subsequent to this scattering. In order to calculate the cross-section for the production of
photon+quark, we need to first compute the cross-section for γ + qq¯ production and then integrate out the phase
space of the antiquark.
The 4-momentum assignments for this process are shown in Table I.
TABLE I. 4-momentum assignments used in the calculation
q: Exchanged virtual photon ke: Incoming electron k
′
e: Outgoing electron
k: Quark, directed outward p: Antiquark, directed outward kγ : Outgoing photon
l: Quark/antiquark internal momentum to be integrated over
Following [38], we can write the amplitude for the electron-nucleus scattering process
e(ke) +A(PN )→ e′(k′e) + q(k) + q¯(p) + γ(kγ) +X , (2)
as
MeA→e′qq¯γX = Mµlep
iΠµα(q)
−Q2 M
α
had , (3)
where X represents anything the nucleus breaks into. Here we have represented respectively by Mlep and Mhad the
amplitudes for the leptonic and hadronic subprocesses. The former can be obtained as
Mµlep = (−ie)
[
u¯(k′e)γ
µu(ke)
]
. (4)
Πµα(q) denotes the gauge dependent expression for the numerator in the propagator for the virtual photon. We will
specify our choice of gauge in section III.
We will now decompose the amplitude in Eq. (3) in a basis of polarization vectors of the virtual photon. One of the
advantages of decomposing the amplitude in this new basis is that it allows us to examine the behavior of observables
as a function of the polarization of the initial state for the hadronic reaction, i.e., the virtual photon. Although
4 See Appendix A for the conventions for light cone coordinates used in this work.
5completely equivalent, this is different from the computation in Ref. [38] where the decomposition was in terms of the
basis vectors in Minkowski space5.
We begin with the well known completeness relation whereby we express the quantity Πµα(q) as a sum over the
three polarization states of the virtual photon,
Πµα(q) =
∑
λ=0,±1
(−1)λ+1λ ∗µ (q)λα(q) . (5)
We will always use λ (and variants λ′, λ¯) to indicate the polarization states of the photon (real or virtual).
Taking the modulus squared of the amplitude in Eq. (3), and performing the necessary averaging and sum over
electron spins and final state photon polarizations, we obtain
1
2
∣∣∣MeA→e′qq¯γX ∣∣∣2 = 1
Q4
LµνΠµα(q)Πνβ(q)X
αβ ≡ 1
Q4
∑
λ,λ′=0,±1
(−1)λ+λ′Lλλ′Xλ′λ , (6)
where Lµν and Xαβ are the lepton and hadron tensors, respectively and we have used the completeness relation in
Eq. (5) to define
Lλλ′ = Lµνλ ∗µ (q) λ
′
ν (q) , (7)
X λλ′ = Xαβλ ∗α (q) λ
′
β (q) , (8)
in the basis of polarization vectors. One can interpret these as matrix elements of two 3× 3 matrices L and X , whose
diagonal and off-diagonal elements represent the cases of having identical and non-identical polarization states of the
virtual photon in the amplitude and the complex conjugate amplitude respectively.
The lepton and hadron tensors can be expressed in terms of the amplitudes for their subprocesses as6
Lµν =
1
2
∑
spins
Mµ†lepM
ν
lep =
e2
2
Tr
[
/k′eγ
µ /keγ
ν
]
, (9)
Xαβ =
∑
spins,pols.
Mα†hadM
β
had . (10)
We can therefore rewrite the quantity in Eq. (8) as
X λλ′ =
∑
spins,pols.
Mλ †hadMλ
′
had , (11)
where
Mλhad = λα(q)Mαhad , (12)
is the hadron amplitude for a given polarization state of the virtual photon.
In the CGC EFT, the expectation value of a generic operator O is expressed as
〈O〉Y =
∫
[DρA]WY [ρA]O[ρA] , (13)
where O[ρA] is the quantum expectation value for a particular configuration ρA of the color sources7 and WY [ρA] is a
stochastic gauge invariant weight functional representing the distribution of color charge configurations at a rapidity
Y = ln(x0/x) in the target
8.
We can therefore write the general expression for the differential cross-section for inclusive photon+quark production
in the CGC EFT as
dσeA→e
′qγX
dΩe′ dΩq dΩγ
=
∫
dΩq¯
〈
1
2
∣∣∣MeA→e′qq¯γX ∣∣∣2〉
Y
, (14)
5 In the polarization basis we also have four basis vectors, three of them being the polarization vectors, λ(q), λ = 0,±1. The fourth
one, which is along the four momentum q, gives zero upon acting on both the lepton and hadronic amplitudes by virtue of the Dirac
equation and Ward identity, respectively.
6 Here the short form ‘pols.’ refers to the sum over polarizations of the final state photon.
7 For a general discussion of field theories with strong time dependent sources, see for example [66–68] and references therein.
8 x0 ' 0.01 refers to the initial scale separating sources from fields in the target wavefunction. x < x0 is the momentum fraction of gluons
in the target probed by the projectile and is determined from the kinematics. This is the scale up to which the sources must be evolved
to incorporate quantum effects. While it is usually different from the Bjorken variable xpsBJ = Q
2/2P · q, the two can be equated to
leading logarithmic accuracy.
6where dΩ represents the phase space of the final state particles. For the process of interest, we have chosen to integrate
over the phase space of the antiquark (q¯).
For the particles produced from the hadronic subprocess (q, q¯, γ) we can express their invariant phase space as
dΩq =
d2k⊥ dηq
2(2pi)3
, dΩq¯ =
d2p⊥ dηq¯
2(2pi)3
, dΩγ =
d2kγ⊥ dηγ
2(2pi)3
, (15)
where in general dη = dv−/v−, with η the rapidity of a particle of four momentum v in the frame we are working in.
For the quark, this can be written9 as ηq =
1
2 ln(k
−/k+). Similar relations follow for the antiquark and the emitted
photon. In our convention, the rapidity is defined to be positive in the direction of left moving particles, namely,
moving along the ‘−’ LC direction10.
The CGC averaged (see Eq. (13)) square of the amplitude in Eq. (6) can be written in the basis of polarization
vectors as 〈
1
2
∣∣∣MeA→e′qq¯γX ∣∣∣2〉
Y
=
1
Q4
∑
λ,λ′=0,±1
(−1)λ+λ′Lλλ′〈Xλ′λ〉Y . (16)
We can express the phase space for the outgoing electron as
dΩe′ =
dW 2 dQ2 dφe′
4s(2pi)3
, (17)
where φe′ is the azimuthal angle of the outgoing electron’s 3-momentum, ~k′e. By evaluating the different matrix
elements Lλλ′ , using Eqs. (7) and (9), it is easy to show that integrating over φe′ projects out only the products of
the diagonal elements in the sum over polarizations of γ∗ appearing in the r.h.s of Eq. (16). From the lepton side, this
means that only the elements L0 0 and L±1±1 enter the expression for the φe′ -integrated cross-section.
We can now write the general expression for the differential cross-section for inclusive γ + q production in e + A
DIS at small x as
dσeA→e
′qγX
dW 2dQ2d2k⊥d2kγ⊥dηqdηγ
= fL(Q
2,W 2)
dσγ
∗
LA→qγX
d2k⊥d2kγ⊥dηqdηγ
+ fT (Q
2,W 2)
∑
λ=T=±1
dσγ
∗
λA→qγX
d2k⊥d2kγ⊥dηqdηγ
, (18)
where the leptonic contribution is contained in the longitudinally and transversely polarized photon fluxes defined
respectively as
fL(Q
2,W 2) =
y
16pi2Q4s
L0 0 = αem
piQ2sy
(1− y) ,
fT (Q
2,W 2) =
y
16pi2Q4s
L±1±1 = αem
4piQ2sy
[1 + (1− y)2] . (19)
These are constituted, respectively, of the components L0 0 and L±1±1 of the lepton tensor defined by Eqs. (7) and
(9). The dependence on W 2 enters in the above quantities through the inelasticity variable y we defined previously
which can be written (neglecting the mass of the nucleon) as
y =
W 2 +Q2
s
. (20)
Since we are interested in the kinematics s,W 2  Q2, we have y ∼W 2/s.
In Eq. (18), we have separated the leptonic contribution to the γ + q production cross-section from the hadronic
part. The hadronic contribution to the cross-section is contained in the quantity, dσγ
∗
λA→qγX , which represents the
γ∗ + A scattering for a given polarization λ = L(0), T (±1) of the virtual photon11. In terms of the cross-section for
γ + qq¯ production in the virtual photon-nucleus scattering, this can be written as
dσγ
∗
λA→qγX
d2k⊥d2kγ⊥dηqdηγ
=
∫
d2p⊥dηq¯
dσγ
∗
λA→qq¯γX
d2k⊥d2p⊥d2kγ⊥dηq dηq¯ dηγ
, (21)
9 Note that we are working in the massless limit, in which the rapidity and pseudorapidity are identical.
10 We remind the reader that we chose the target nucleus to be right moving as opposed to a convention frequently adopted in the literature
where the nucleus is a left mover and the rapidity (of a particle with 4-momentum v) is defined as η = 1
2
ln
(
v+/v−
)
, which is positive
along the direction of right moving particles.
11 In what follows we will always sum over the two transverse polarizations T (±1), instead of averaging as typically done.
7where
dσγ
∗
λA→qq¯γX
d2k⊥d2p⊥d2kγ⊥dηq dηq¯ dηγ
=
1
8(2pi)9
〈Xλλ〉Y . (22)
The CGC averaged hadron tensor can be written in the basis of polarization vectors as
〈Xλλ〉Y =
〈 ∑
spins,pols.
Mλ †hadMλhad
〉
Y
, (23)
where Mλhad (see Eq. (12)) is the amplitude for the hadronic subprocess γ∗A → qq¯γX for a given polarization λ of
the virtual photon.
We summarize below the steps necessary to obtain the cross-section for γ + q production in e+A DIS at small x:
1. Compute the total amplitude, Mλhad for γ + qq¯ production in virtual photon-nucleus scattering.
2. Compute the differential cross-section for γ + qq¯ production as defined in Eq. (22) using the expression for the
amplitude.
3. Integrate over the phase space of the antiquark (p⊥ and ηq¯) to get the differential cross-section for γ + q
production as defined in Eq. (21).
Over the next sections, we will sequentially demonstrate the realization of these steps.
III. γ + qq¯ PRODUCTION AMPLITUDE IN γ∗ +A SCATTERING AT LEADING ORDER
We will work here in the basis of polarization vectors of the virtual photon which was discussed in the previous
section. To further simplify the computation, and with a view to extending the current work to higher orders in αs,
we choose to work in the light cone gauge A− = 0 using momentum space Feynman rules (see Appendix B).
We choose for the polarization vectors of the virtual photon that we introduced in the previous section, the following
convention:
λ=0(q) =
(
Q
q−
, 0,0⊥
)
, (24)
λ=±1(q) =
(
0, 0, ±1⊥
)
, where ±1⊥ =
1√
2
(1,±i) . (25)
It is easy to check that these vectors satisfy the completeness relation in Eq. (5) as∑
λ=0,±1
(−1)λ+1λ ∗µ (q)λα(q) = Πµα(q) = −gµα +
qµ nα + qαnµ
q · n , nµ = δµ− , (26)
where we have provided an explicit expression for the numerator Πµα of the photon propagator in A
− = 0 gauge.
As shown in Fig. 1, at leading order in the CGC power counting, there are four contributions to the amplitude [38],
Mλhad [ρA] =
4∑
r=1
Mλr [ρA] . (27)
The Feynman graphs along each row in Fig. 1 differ from each other in terms of the photon emission relative to the
scattering off the background classical field by the quark-antiquark dipole. Also, the contributions fromM3 andM4
are obtained from those of M1 and M2, respectively, by interchanging the quark and antiquark lines.
The momentum space expression for the amplitude of the hadronic subprocess labeled M1 can be written as12
Mλ1;ij [ρA] =
∫
l
u¯(k)(−ieqf )/λ¯ ∗(kγ)S0ik(k + kγ)Tkm(k + kγ , l)S0mn(l)(−ieqf )/λ(q)S0np(l − q)Tpj(l − q,−p)v(p) , (28)
12 The polarization vectors for the outgoing photon are labeled by the index λ¯ = ±1. Since we will sum over λ¯ in the amplitude squared,
we do not put this label on the amplitude in the l.h.s of Eq. (28).
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FIG. 1. Diagrams contributing to the LO amplitude of γ+ qq¯ production at small x in the CGC EFT. Top (bottom) diagrams
correspond to the photon emission from the quark (antiquark). We explicitly show the choice of internal momenta. The crossed
circles represent the effective vertices that contain all possible eikonal interactions with the background classical field of the
nucleus.
where i,j, are color indices.
Further, qf represents the fractional charge of the quark/antiquark in units of the elementary charge e, the free
(massless) quark Feynman propagator is given by
S0ij(p) =
i/p
p2 + i
δij , (29)
and the all-twist resummed effective vertices that enter the momentum space dressed quark and antiquark propagators
are represented by
Tij(p, p′) = 2pi δ(p− − p′−)γ− sign(p−)
∫
z⊥
e−i(p⊥−p
′
⊥)·z⊥U˜ sign(p
−)
ij (z⊥) . (30)
Here
∫
z⊥
is shorthand for
∫
d2z⊥ and U˜+1, U˜−1 denote lightlike Wilson lines in the fundamental and antifundamental
representation of SU(Nc) respectively. Their labels i and j represent color indices in the fundamental representation
of SU(Nc) and sign(p
−) is the sign function. The latter takes values of ±1, respectively for the case of quark and
antiquark. From the explicit expression provided in Eq. (B4), one can see that the functional dependence on the
color charge density ρA enters the hadron amplitude in Eq. (27) through U˜ . Note that the effective vertices on the
quark and antiquark lines are proportional respectively to U˜(x⊥) and U˜†(y⊥), where x⊥ and y⊥ are the respective
transverse coordinates.
The effective vertices given by Eq. (30) represent all possible scatterings of the quark-antiquark dipole with the
classical field of the nucleus including the case of “no scattering” [38] (see also Appendix B). Since we are interested
in the physical amplitude which should necessarily involve interactions with the nucleus, we have to subtract from
the expression for the amplitude in Eq. (28) (and similarly for the amplitudes of the other processes), the possibility
of “no scattering” with the background field. This contribution is obtained by setting U˜ = 1 in the expressions for
T ’s that enter the amplitudes for each process in Fig. 1.
Subtracting the “no scattering” contribution from the amplitude in Eq. (28), and using the expressions in Eqs. (29)
and (30), we can factor out the color structure and the phase of the quark and the antiquark to write the amplitude
for M1 as
Mλ1;ij [ρA] = (eqf )2
∫
x⊥,y⊥
e−ik⊥·x⊥−ip⊥·y⊥
[
U˜(x⊥)U˜†(y⊥)− 1
]
ij
N λ1 (x⊥,y⊥) , (31)
9where
N λ1 (x⊥,y⊥) = e−ikγ⊥·x⊥(2pi)2
∫
l
eil⊥·r⊥δ(k− + k−γ − l−)δ(l− − q− + p−)
−iNλ1 (l)
[l2 + i] [(l − q)2 + i] . (32)
Above we have introduced r⊥ = x⊥ − y⊥, and the numerator is given by,
Nλ1 (l) =
1
2k · kγ u¯(k)/
λ¯∗(kγ)(/k + /kγ)γ
−/l/λ(q)(/l − /q)γ−v(p) . (33)
The integration over l− can be performed trivially to yield an overall momentum conserving delta function: δ(q− −
k− − p− − k−γ ). This is a common feature of all CGC computations performed within the eikonal approximation13.
We next perform the integration over l+ using Cauchy’s theorem of residues for complex contour integration. The
numerator given by Eq. (33) is independent of l+ indicating that the value of the integral over l+ will be entirely given
by the residue theorem, in the limit of the contour radius going to infinity. The location of the l+ poles, in this case,
are determined by the signs of the external longitudinal momenta, k−, p− and k−γ . After these steps, we will finally
express N λ1 in terms of a transverse integration over l⊥. The amplitudes for the remaining three diagrams can be
obtained following the same routine.
We can factor out the overall momentum conserving delta function to rewrite the total amplitude from the four
processes in Fig. 1 as
Mλhad [ρA] = 2pi δ(q− − k− − p− − k−γ )Aλhad [ρA] , (34)
where
Aλhad [ρA] = (eqf )2
∫
x⊥,y⊥
e−ik⊥·x⊥−ip⊥·y⊥
[
U˜(x⊥)U˜†(y⊥)− 1
] 4∑
r=1
Aλr (x⊥,y⊥) . (35)
For the process M1, we can write A1(x⊥,y⊥) as
Aλ1 (x⊥,y⊥) = e−ikγ⊥·x⊥
∫
l⊥
Aλ1 (l⊥) e
il⊥·r⊥(
l2⊥ + zq¯(1− zq¯)Q2
) , (36)
where
Aλ1 (l⊥) =
zq
q−
[
u¯(k)
(
λ¯∗,i⊥ −
zγ
2zq
γiγjλ¯∗,j⊥
)
γ−/l/λ(q)(/l − /q)γ−v(p)
]
zqkγ
i
⊥ − zγki⊥∣∣zqkγ⊥ − zγk⊥∣∣2 . (37)
We introduced in this expression the ratios of the outgoing momenta to the component q− of the incoming virtual
photon momentum14,
zq =
k−
q−
, zq¯ =
p−
q−
, zγ =
k−γ
q−
. (38)
In deriving Eq. (37) from Eq. (33), we have made use of the Dirac equation: u¯(k)/k = 0, the photon transversality
condition, kγ · λ¯(kγ) = 0 and the Clifford algebra identity given by Eq. (A2).
There are a couple of advantages in writing the amplitude in the form given by Eq. (37). The first one is apparent
when one expands the Dirac structure in Eq. (37) as
γ−/l/λ(q)(/l − /q)γ− = −4zq¯(1− zq¯)(q−)2 γ− λ,+(q) + 2q−
[
(1− zq¯) γk γr − zq¯ γr γk
]
γ−lr⊥ 
λ, k
⊥ . (39)
For the choice of polarization vectors in Eqs. (24) and (25), one can easily see that the amplitude naturally lends itself
to a decomposition in the basis of polarization vectors. For longitudinal polarization of the virtual photon, only the
first term on the r.h.s of Eq. (39) contributes to the amplitude, whereas only the second term survives for transverse
polarization of γ∗. This feature aids in the computation of the squared amplitude in this basis.
13 One can also think of this [21] as a manifestation of Fermi’s golden rule; the invariance of the target nucleus with respect to the LC
time x+ implies that the projectile ‘−’ momentum is conserved.
14 For the outward directed external momenta, we have {k−, p−, k−γ } > 0.
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The second advantage of Eq. (37) becomes manifest when we square this amplitude and sum over the polarizations
of the final state photon. In this process, one generates from the numerator of the square of Eq. (37) a term |zqkγ⊥−
zγk⊥|2 that cancels an identical factor in the denominator. This makes the (collinear) singularity for zqkγ⊥ = zγk⊥
transparent in the resulting expression.
Through a similar exercise used to derive the amplitude Aλ1 in Eq. (37), we can write the amplitude for the process
labeled M2 in Fig. 1 as
Aλ2 (x⊥,y⊥) = e−ikγ⊥·x⊥
∫
l⊥
−Aλ2,reg(l⊥) eil⊥·r⊥(
l2⊥ + zq¯(1− zq¯)Q2
) (
Q2 +
kγ2⊥
zγ
+
(l⊥−kγ⊥)2
zq
+
l2⊥
zq¯
)
+ e−ikγ⊥·x⊥
∫
l⊥
−Aλ2,ins(l⊥) eil⊥·r⊥(
Q2 +
kγ2⊥
zγ
+
(l⊥−kγ⊥)2
zq
+
l2⊥
zq¯
) , (40)
where
Aλ2,reg(l⊥) =
1
(q−)zqzγ
[
u¯(k)
(
λ¯∗,i⊥ +
zγ
2(1− zq¯)γ
jγiλ¯∗,j⊥
)
γ−/l/λ(q)(/l − /q)γ−v(p)
] [
(1− zq¯)kγ i⊥ − zγli⊥
]
, (41)
Aλ2,ins(l⊥) =
1
(1− zq¯)
[
u¯(k)γi/
λ(q)γ−v(p)
]
λ¯∗,i⊥ . (42)
In writing Eq. (40), we have split the amplitude into two contributions labeled ‘regular’ (reg) and ‘instantaneous’ (ins).
The Dirac structure for the ‘regular’ term in Eq. (41) is similar to that of Aλ1 (l⊥) in Eq. (37). The nomenclature for
the second contribution follows from light-cone perturbation theory, in which the ‘instantaneous’ term corresponds to
the emission of the photon from the qq¯ splitting vertex. This can be seen from the Dirac structure of Eq. (42) where
there is no propagator between the two photon vertices.
Because of their similar Dirac structure, the decomposition in Eq. (39) also applies to the ‘regular’ term in Eq. (41).
Using the identity
γi/
λ(q)γ− = −γiγkγ− λ, k⊥ , (43)
one may verify that the ‘instantaneous’ contribution is non-zero only for transverse polarizations of the virtual photon.
Finally, there is no collinearly singular structure in A2, because the photon is emitted by the (off-shell) quark before
it scatters off the shock wave.
In this section, we have presented the expressions for the amplitudes of diagramsM1 andM2. For the momentum
assigments shown in Fig. 1, the expressions for Aλ3 (x⊥,y⊥) and Aλ4 (x⊥,y⊥) can be obtained from the corresponding
expressions for Aλ1 (x⊥,y⊥) and Aλ2 (x⊥,y⊥), respectively, by implementing the following replacements in Eqs. (36)
and (40): x⊥ ↔ y⊥ , p↔ k (and v(p)↔ u¯(k)), an overall ‘−’ sign, and reversing the order of the spinor structures.
IV. DIFFERENTIAL CROSS-SECTION FOR γ + qq¯ PRODUCTION IN γ∗ +A SCATTERING
In order to obtain the differential cross-section for γ + qq¯ production, we have to multiply the net amplitude from
the four processes in Fig. 1, as written in Eq. (34), with the complex conjugate amplitude, and then perform the CGC
averaging over the color sources. The seemingly problematic (2pi)δ(0−) infinite factor that arises from the square
of (2pi) δ(q− − k− − p− − k−γ ) (note that q− = k−e − k′−e ) in Eq. (34) can be fixed by using a properly normalized
wavepacket description [21, 38] instead of a plane wave for the incoming electron. This brings in a factor of 1/2k−e .
We can represent this schematically as
[
(2pi) δ(q− − k− − p− − k−γ )
]2 → 1
2k−e
(2pi) δ(q− − k− − p− − k−γ ) =
q−
k−e
1
2q−
(2pi) δ(q− − k− − p− − k−γ ) . (44)
In writing the cross-section for γ + q production in e+A DIS in Eq. (18), we have absorbed the factor of q−/k−e = y
(see Eq. (20)) in the definition of the longitudinally and transversely polarized photon fluxes defined in Eqs. (19). The
unpolarized cross-section for inclusive γ + qq¯ production in virtual photon-nucleus collisions, defined by Eq. (23), can
therefore be written as
dσγ
∗
λA→qq¯γX
d2k⊥d2p⊥d2kγ⊥dηq dηq¯ dηγ
=
1
8(2pi)9
1
2q−
(2pi)δ(q− − k− − p− − k−γ )
〈X˜λλ〉Y , (45)
11
where
〈X˜λλ〉Y can be written in terms of the reduced amplitudes (see Eq. (35)) for the four diagrams in Fig. 1 as
〈X˜λλ〉Y =
〈 ∑
spins,pols.
Aλ †had[ρA]Aλhad[ρA]
〉
Y
= Nc(eqf )
4
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥·(x⊥−x
′
⊥)−ip⊥·(y⊥−y′⊥) Ξ(x⊥,y⊥;y
′
⊥,x
′
⊥|Y )
∑
spins,pols.
4∑
m,n=1
Aλ †m (x′⊥,y′⊥)Aλn(x⊥,y⊥) .
(46)
Here and henceforth, counterparts of the coordinates and internal momenta in the Hermitian conjugates of the
amplitudes carry prime labels. In the second line of Eq. (46), the first sum is over the helicities of the Dirac spinors
and polarizations of the final state photon, while the second sum runs over the four diagrams in Fig. 1 giving a
total of 16 contributions at the level of the cross-section. These sums generate traces over the gamma matrices
contained in the expressions given by Eqs. (37), (41) (42) and their q ↔ q¯ counterparts. Only 6 of these contributions
are independent; the remaining 10 can be obtained simply by complex conjugation and q ↔ q¯ interchange. These
perturbatively computable pieces constitute the process dependent LO coefficient function or in the language of Regge
theory, the LO ‘impact factor” for γ + qq¯ production. The impact factor for photon+dijet production in e + A DIS
at small x was recently computed to NLO [39, 40].
Similarly, the color traces over the Wilson lines contained in the squared amplitude and the subsequent CGC
averaging give rise to the following combination of dipole and quadrupole correlators:
Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y ) = 1− S(2)Y (x⊥,y⊥)− S(2)Y (y′⊥,x′⊥) + S(4)Y (x⊥,y⊥;y′⊥,x′⊥) , (47)
where the dipole and quadrupole Wilson line correlators are defined at a rapidity Y as
S
(2)
Y (x⊥,y⊥) =
1
Nc
〈
Tr
(
U˜(x⊥)U˜†(y⊥)
)〉
Y
, (48)
S
(4)
Y (x⊥,y⊥;y
′
⊥,x
′
⊥) =
1
Nc
〈
Tr
(
U˜(x⊥)U˜†(y⊥)U˜(y
′
⊥)U˜
†(x′⊥)
)〉
Y
. (49)
The CGC averaging inherent in these gauge invariant objects encodes non-trivial correlations between the gauge
fields contained in the Wilson lines, thereby representing the coherent many-body gluodynamics characteristic of the
saturation regime of QCD.
These dipole and quadrupole Wilson line correlators appear in a variety of observables for both e + A and p + A
collisions and can be thought of as building blocks of high energy QCD. Although intrinsically non-perturbative,
the energy or rapidity evolution of these correlators can be derived using perturbative techniques in the CGC EFT,
resulting in the well-known JIMWLK15 [14–16, 69–71] or BK renormalization group equations. However, one needs
to adopt a model to describe the non-perturbative initial distribution of the sources that enters the CGC averaging
procedure. A simple and well-known model, which is valid for a large nucleus and moderate x ∼ 0.01, is the McLerran-
Venugopalan (MV) model [11–13]. In this model, the large x “valence” charges are described as static sources on the
light cone, which are Gaussian distributed with
〈ρaA(x−,x⊥) ρbA(y−,y⊥)〉 = δab δ(x− − y−)λA(x−) , (50)
where ∫
dx− λA(x−) = µ2A , (51)
and µ2A is the average color charge squared of the sources per color and per unit transverse area of a nucleus with mass
number A. Explicit expressions for the dipole and quadrupole many-body correlators are available [19, 41, 72, 73] in
the MV model. (See also [74–76] for computations of higher point correlators.)
We will now provide expressions for the differential cross-section in terms of these “soft” (non-perturbative) and
“hard” (perturbative) components explained in the previous paragraphs. For the case in which the virtual photon is
15 JIMWLK is an acronym for Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov, Kovner.
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longitudinally polarized, we can write the differential cross-section for γ + qq¯ production in γ∗L + A scattering very
compactly as
dσγ
∗
LA→qq¯γX
d(PS3)
=
16Ncα
2
emq
4
f
(2pi)6
z3qz
3
q¯ δ(1− ztot)
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥·(x⊥−x
′
⊥)−ip⊥·(y⊥−y′⊥) Ξ(x⊥,y⊥;y
′
⊥,x
′
⊥|Y )Rqq¯γL , (52)
where d(PS3) = dηqdηq¯dηγd
2k⊥d2p⊥d
2kγ⊥ represents the three particle phase space measure and ztot = zq + zq¯ + zγ .
We can express the momentum fractions of the final state particles in terms of their rapidities as
zq =
k⊥√
2q−
eηq , zq¯ =
p⊥√
2q−
eηq¯ , zγ =
kγ⊥√
2q−
eηγ . (53)
The coefficient function Rqq¯γL can be written as
Rqq¯γL (k, p, kγ ;x⊥,y⊥,x′⊥,y′⊥) = ξqq
[J iL,1(r⊥) + J iL,2(r⊥)] [J i∗L,1(r′⊥) + J i∗L,2(r′⊥)] e−ikγ⊥·(x⊥−x′⊥)
− ξqq¯
[J iL,1(r⊥) + J iL,2(r⊥)] [J i∗L,3(r⊥) + J i∗L,4(r⊥)] e−ikγ⊥·(x⊥−y′⊥)
− ξq¯q
[J iL,3(r⊥) + J iL,4(r⊥)] [J i∗L,1(r′⊥) + J i∗L,2(r′⊥)] e−ikγ⊥·(y⊥−x′⊥)
+ ξq¯q¯
[J iL,3(r⊥) + J iL,4(r⊥)] [J i∗L,3(r′⊥) + J i∗L,4(r′⊥)] e−ikγ⊥·(y⊥−y′⊥) . (54)
We have explicitly shown here the momentum and coordinate dependence ofRqq¯γL . The terms in each line are organized
according to their phases and the labels 1, . . . , 4 denote the respective contributions from the four allowed processes in
Fig. 1. The topology of the cut-graphs that represent the different contributions along each line in Eq. (54) is similar.
The first (fourth) line, for example, corresponds to the cases in which the final state photon is emitted by the quark
(antiquark) in the direct and conjugate amplitudes. Similarly, the second and third lines represent the cross-terms in
which the photon is emitted by the quark (antiquark) in the direct amplitude and by the antiquark (quark) in the
conjugate amplitude.
The vector functions J iL,p, (p = 1, . . . , 4) are proportional to the light cone wavefunctions for the splitting of γ∗L
into qq¯γ; these are distinct because of the different locations of the emission of the photon. We have not shown the
momentum dependence in these functions for the sake of brevity. This will be clear from their expressions which are
provided below. Finally, the ξ’s are coefficients that depend on the momentum fractions; these are defined to be
ξqq = 1 +
(
1− zq¯
zq
)2
, ξq¯q¯ = 1 +
(
1− zq
zq¯
)2
, (55)
ξqq¯ = ξq¯q =
[
1− zq
zq¯
+
1− zq¯
zq
]
. (56)
We now provide the expressions for J iL,1 and J iL,2. The expressions for J iL,3 and J iL,4 are respectively obtained simply
by interchange of quark and antiquark: k ↔ p and r⊥ ↔ −r⊥.
J iL,1(r⊥) = Q (1− zq¯)
(
zqkγ
i
⊥ − zγki⊥
)(
zqkγ⊥ − zγk⊥
)2 ∫ d2l⊥(2pi)2 eil⊥·r⊥l2⊥ + ∆1 , ∆1 = zq¯(1− zq¯)Q2 , (57)
J iL,2(r⊥) = −
Q
zγzq
∫
d2l⊥
(2pi)2
[
(1− zq¯)kγ i⊥ − zγli⊥
]
eil⊥·r⊥(
l2⊥ + ∆1
) (
Q2 +
l2⊥
zq¯
+
kγ2⊥
zγ
+
(l⊥−kγ⊥)2
zq
) . (58)
In Appendix C, we discuss in detail the steps leading to the expression for Rqq¯γL in terms of the ξ coefficients and the
vector functions J iL. We also provide all the necessary results needed to do this exercise for the transversely polarized
virtual photon. This involves explicitly computing the squared amplitudes appearing in the modified hadron tensor
in Eq. (46) for the different polarization states of γ∗ and then organizing the resulting expressions in the symmetric
form displayed in Eq. (54). (See also in this regard, Eqs. (61)-(63) in the upcoming discussion.)
In a similar fashion, we can obtain the differential cross-section for qq¯γ production in the case of transversely
polarized virtual photons, γ∗T . Summing over the two polarization states, we get∑
T=±1
dσγ
∗
TA→qq¯γX
d(PS3)
=
8Ncα
2
emq
4
f
(2pi)6
zqzq¯ δ(1− ztot)
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥·(x⊥−x
′
⊥)−ip⊥·(y⊥−y′⊥) Ξ(x⊥,y⊥;y
′
⊥,x
′
⊥|Y )Rqq¯γT . (59)
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We separate the perturbative component into three parts as
Rqq¯γT = Rqq¯γT ;reg−reg +Rqq¯γT ;reg−ins +Rqq¯γT ;ins−ins , (60)
which follows from the decomposition of the amplitude in Eq. (40) into a ‘regular’ and an ‘instantaneous’ term.
Comparing Eqs. (37) and (41), we immediately see that the ‘regular’ term has a gamma matrix structure identical to
the contribution from the graph M1 in Fig. 1. We demonstrated using the identity in Eq. (39) that there is indeed a
piece in this ‘regular’ structure that yields non-zero contributions for transversely polarized γ∗. We also showed there
that the ‘instantaneous’ term contributes only for transverse polarizations of the virtual photon (see Eqs. (42) and
(43)). At the amplitude squared level, we will therefore have direct (reg–reg, ins–ins) and cross (reg–ins or ins–reg)
terms. It is therefore evident that there are going to be significantly more contributions to the cross-section in the
case of γ∗T as compared to γ
∗
L.
However, we can carefully organize these terms and express them compactly as shown in the following equations.
The first term is given by
Rqq¯γT ;reg−reg =
[
ζqqδ
imδjn + χqq
imjn
] [J ijT,1(r⊥) + J ijT,2(r⊥)] [Jmn∗T,1 (r′⊥) + Jmn∗T,2 (r′⊥)] e−ikγ⊥·(x⊥−x′⊥)
+
[
ζqq¯δ
imδjn − χqq¯imjn
] [J ijT,1(r⊥) + J ijT,2(r⊥)] [Jmn∗T,3 (r′⊥) + Jmn∗T,4 (r′⊥)] e−ikγ⊥·(x⊥−y′⊥)
+
[
ζq¯qδ
imδjn − χq¯qimjn
] [J ijT,3(r⊥) + J ijT,4(r⊥)] [Jmn∗T,1 (r′⊥) + Jmn∗T,2 (r′⊥)] e−ikγ⊥·(y⊥−x′⊥)
+
[
ζq¯q¯δ
imδjn + χq¯q¯
imjn
] [J ijT,3(r⊥) + J ijT,4(r⊥)] [Jmn∗T,3 (r′⊥) + Jmn∗T,4 (r′⊥)] e−ikγ⊥·(y⊥−y′⊥) . (61)
Comparing the above equation with Eq. (54), we immediately notice a similarity in their structures, albeit with tensor
functions, J ijT and different coefficients, ζ and ξ. The explicit expressions for these are provided in Appendix E.
Similarly, the second and third terms on the r.h.s of Eq. (60) can be written respectively as
Rqq¯γT ;reg−ins = κqq
[ (J iiT,1(r⊥) + J iiT,2(r⊥))J ∗T ins,2(r′⊥) + JT ins,2(r⊥) (J ii∗T,1(r′⊥) + J ii∗T,2(r′⊥)) ]e−ikγ⊥·(x⊥−x′⊥)
+ κqq¯
[ (J iiT,1(r⊥) + J iiT,2(r⊥))J ∗T ins,4(r′⊥) + JT ins,2(r⊥) (J ii∗T,3(r′⊥) + J ii∗T,4(r′⊥)) ] e−ikγ⊥·(x⊥−y′⊥)
+ κq¯q
[ (J iiT,3(r⊥) + J iiT,4(r⊥))J ∗T ins,2(r′⊥) + JT ins,4(r⊥) (J ii∗T,1(r′⊥) + J ii∗T,2(r′⊥)) ] e−ikγ⊥·(y⊥−x′⊥)
+ κq¯q¯
[ (J iiT,3(r⊥) + J iiT4(r⊥))J ∗T ins,4(r′⊥) + JT ins,4(r⊥) (J ii∗T,3(r′⊥) + J ii∗T,4(r′⊥)) ]e−ikγ⊥·(y⊥−y′⊥) , (62)
and
Rqq¯γT ;ins−ins = σqq JT ins,2(r⊥)J ∗T ins,2(r′⊥) e−ikγ⊥·(x⊥−x
′
⊥) + σq¯q¯ JT ins,4(r⊥)J ∗T ins,4(r′⊥) e−ikγ⊥·(y⊥−y
′
⊥) . (63)
The structures of these terms differ slightly because only the amplitudes of processes M2 and M4 in Fig. 1 contain
‘instantaneous’ contributions. Expressions for all the coefficients, κ and functions, JT ins are provided in Appendix E.
V. INTEGRATING THE ANTIQUARK PHASE SPACE
Now that we have the results for the cross-section for γ + qq¯ production separately for longitudinal and transverse
polarizations of the virtual photon, we need to integrate over the phase space of the antiquark to obtain the desired
cross-section for γ+ q production as given by Eq. (21). We will show here the steps leading to the explicit expressions
for this quantity by considering the case of a longitudinally polarized virtual photon. The corresponding computation
for the case of transverse polarization is considerably more tedious and expressions for the γ∗TA→ qγX cross-section
are provided in Appendix F.
A. Collinear singularity and the fragmentation contribution
To begin with, the integration over the antiquark rapidity (dηq¯ = dzq¯/zq¯) in Eq. (21) can be done trivially using
the delta function that enters the expression for the cross-section, in Eq. (52). This sets zq¯ = 1 − zq − zγ . For the
transverse momentum integration, we notice that all such terms in the γ∗LA→ qq¯γX cross-section (see Eqs. (52) and
(54)) that do not have an explicit p⊥-dependence will yield a two dimensional Dirac delta upon integration over the
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transverse phase space of the antiquark. In terms of the vector functions constituting the expression in Eq. (54), these
would be the ones not proportional to J iL,3 (or its complex conjugate) which we write below for reference,
J iL,3(r⊥) = Q (1− zq)
(
zq¯kγ
i
⊥ − zγpi⊥
)∣∣zq¯kγ⊥ − zγp⊥∣∣2
∫
l⊥
e−il⊥·r⊥
l2⊥ + ∆3
, ∆3 = zq(1− zq)Q2 . (64)
For the remaining terms in Eq. (54), we have those proportional to J iL,3 (or its complex conjugate) and one term
proportional to J iL,3 J i ∗L,3. We get finite results for the former after performing the integration over p⊥. In this
subsection, we will mainly be concerned with the latter which contains a singular contribution after the p⊥-integration.
Physically, the term proportional to J iL,3 J i ∗L,3 represents the case in which the photon is emitted from the antiquark
after the scattering off the nucleus in the direct amplitude, and by the scattered antiquark in the conjugate amplitude.
Using the expression for J iL,3 given in Eq. (64), we see that the square of this quantity gives
J iL,3(r⊥)J i ∗L,3(r′⊥) =
Q2
(2pi)2
(1− zq
zγ
)2 1
(p⊥ − zq¯/zγ kγ⊥)2
K0(∆
1/2
3 r⊥)K0(∆
1/2
3 r
′
⊥) , (65)
where we have used the identity ∫
l⊥
e−il⊥·r⊥
l2⊥ + ∆
=
1
2pi
K0(∆
1/2r⊥) . (66)
When we are integrating over p⊥, we will encounter a region where the photon is collinear to the outgoing antiquark.
This is apparent from the integral ∫
d2p⊥
e−ip⊥.(y⊥−y
′
⊥)
(p⊥ − zq¯/zγ kγ⊥)2
,
for
p⊥
zq¯
=
kγ⊥
zγ
. (67)
Above we have a p⊥-dependent phase that enters the cross-section as given by Eq. (52) and the denominator is taken
from the squared expression in Eq. (65).
There are many ways to regulate the collinear singularity. The simplest way is to introduce an infrared (IR)
regulator Λ in order to write the integral over the transverse momentum of the antiquark as16∫
Λ
d2p⊥
e−ip⊥.(y⊥−y
′
⊥)
(p⊥ − zq¯/zγ kγ⊥)2
= 2pi ln
( 1
|y⊥ − y′⊥|Λ
)
e
−i zq¯zγ kγ⊥.(y⊥−y
′
⊥) . (68)
Note that 1/|y⊥ − y′⊥| acts as a UV regulator for the p⊥ integration; these transverse coordinates are also present in
the fundamental Wilson lines constituting the LO color structure in Eq. (47). The logarithm can be broken into two
parts as
ln
( 1
|y⊥ − y′⊥|Λ
)
= ln
( 1
|y⊥ − y′⊥|µF
)
+
frag.︷ ︸︸ ︷
ln
(µF
Λ
)
, (69)
by introducing a factorization scale µF . The contributions from momenta below µF , contained in the second logarithm
on the r.h.s of Eq. (69), is absorbed into the (anti)quark-to-photon fragmentation function Dq¯→γ(λγ/q¯, µF ). Here
λγ/q¯ (0 ≤ λγ/q¯ ≤ 1) represents the fraction of momentum of the antiquark carried by a photon. In terms of the
partonic variables used in our computation, this is given by
λγ/q¯ =
zγ
1− zq . (70)
16 Strictly speaking, we are imposing a cutoff on the redefined variable |p⊥ − zq¯zγ kγ⊥| which is proportional to the invariant mass of the
photon-antiquark system.
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We will call this contribution proportional to Dq¯→γ(λγ/q¯, µF ) the “fragmentation” (F) contribution. The fragmenta-
tion function Dq¯→γ(λγ/q¯, µF ) accompanies the cross-section for the corresponding γ∗A→ qq¯γX hadronic subprocess
in which the antiquark hadronizes and then emits a “decay” or fragmentation photon. We define the (anti)quark-to-
photon fragmentation function17 at µF as [7]
Dq¯→γ(λγ/q¯, µF ) =
αemq
2
f
2pi
Pγq¯(λγ/q¯) ln
(µ2F
µ20
)
+Dq¯→γ(λγ/q¯, µ0) , (72)
where µ0 ∼ Λ ∼ ΛQCD and the (anti)quark-to-photon fragmentation function at the initial scale, Dq¯→γ(λγ/q¯, µ0) is
obtained from experimental data [77]. The familiar leading order photon splitting function is
Pγq¯(λγ/q¯) =
1 + (1− λγ/q¯)2
λγ/q¯
. (73)
One can think of this as an RG procedure in which the (anti)quark-to-photon fragmentation function at some initial
scale, µ0 is matched on to that at an evolved scale µF . The quantum corrections are logarithmic in nature and the
hard coefficients are given by the splitting functions.
The contribution in
∫
d2p⊥exp(−ip⊥.(y⊥−y′⊥))J iL,3 J i ∗L,3 proportional to the first logarithm on the r.h.s of Eq. (69)
will be absorbed into the remaining terms that are finite after the p⊥ integration and together they constitute the
“direct” (D) contribution18. The inclusive prompt photon+quark production cross-section given by Eq. (21) can
therefore be expressed as
dσγ
∗
L,TA→qγX
d2k⊥d2kγ⊥dηqdηγ
=
dσ
γ∗L,TA→qγX
D
d2k⊥d2kγ⊥dηqdηγ
+
dσ
γ∗L,TA→qγX
F
d2k⊥d2kγ⊥dηqdηγ
. (74)
We will discuss the “direct” contribution in the next section. Here we obtain results for the “fragmentation”
contribution to the γ + q production cross-section. For this we will use the expression for the γ + qq¯ production
cross-section for longitudinally polarized virtual photon given by Eqs. (52) and (54) and the results in Eqs. (68) and
(69). It is easy to check that the prefactor ξq¯q¯ in the term proportional to J iL,3 J i ∗L,3, defined in Eq. (55) is proportional
to the photon splitting function defined in Eq. (73),
ξq¯q¯ =
λγ/q¯
(1− λγ/q¯)2 Pγq¯(λγ/q¯) . (75)
For the longitudinally polarized virtual photon, the fragmentation contribution to the inclusive γ + q production
can therefore be written as
dσ
γ∗LA→qγX
F
d2k⊥d2kγ⊥dηqdηγ
=
8Ncαemq
2
fQ
2z3q (1− zq)2
(2pi)6
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥·(x⊥−x
′⊥)e
−i
λγ/q¯
kγ⊥·(y⊥−y′⊥) Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y )
× Dq¯→γ(λγ/q¯, µF )
λγ/q¯
K0(∆
1/2
3 r⊥)K0(∆
1/2
3 r
′
⊥) . (76)
This can be further expressed in terms of the lightcone wavefunction for the longitudinally polarized γ∗ as
dσ
γ∗LA→qγX
F
d2k⊥d2kγ⊥dηqdηγ
=
Ncαemq
2
f k⊥e
ηq
√
2 (2pi)8
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥·(x⊥−x
′⊥)e
−i
λγ/q¯
kγ⊥·(y⊥−y′⊥) Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y )
× Dq¯→γ(λγ/q¯, µF )
λγ/q¯
∑
α,β
ΨL ∗αβ(q
−, zq, r′⊥) Ψ
L
αβ(q
−, zq, r⊥) , (77)
17 There is a theoretical uncertainty related to the choice of the factorization scale µF . For example, one can choose µF to be the invariant
mass of the photon-antiquark pair or the transverse momentum of the photon. Although this choice is arbitrary, a knowledge of the
fragmentation function at a certain scale can be used to evaluate its value at another scale, thanks to the physical cross-section being
independent of µF . This leads to the evolution equation
∂(Dq¯→γ(λγ/q¯ , µF ))
∂(ln
(
µ2F
)
)
=
αemq2f
2pi
Pγq¯(λγ/q¯) , (71)
which also has higher order corrections in the coupling, that are not written above.
18 They therefore have a logarithmic sensitivity to µF that goes away when this contribution is combined with the fragmentation contri-
bution to obtain the physical cross-sectiion.
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where we have used the relations in Eq. (53) to express zq in terms of momentum and rapidity of the quark, and the
lightcone wavefunction is defined to be [41]
ΨLαβ(q
−, zq, r⊥) = 2pi
√
4
q−
z (1− z)QK0(∆1/2r⊥) δαβ , (78)
where z is the momentum fraction carried by the quark from a longitudinally polarized virtual photon with momentum
q that splits into a qq¯ dipole with size r⊥. Here we have ∆ = Q2z(1− z) for massless quarks and α, β are the helicities
of the quark and antiquark. We obtain similar expressions for the case of transverse polarization of the virtual photon;
the computation is described in Appendix F 1.
We immediately notice a similarity between Eq. (77) and the LO cross-section for inclusive dijet production in
γ∗L + A scattering [41]. Interestingly, both these cross-sections contain the quadrupole Wilson line correlator, which
is sensitive to the Weizsa¨cker-Williams (WW) unintegrated gluon distribution in the so-called “correlation” limit19 of
back-to-back hard dijets with small momentum imbalance [41, 78]. This makes the study of the fragmentation photon
contribution for inclusive prompt photon plus jet production in DIS at small x appealing in its own right.
The numerical analysis, however, is more challenging when one encounters the quadrupole. In the context of DIS,
numerical results that incorporate the quadrupole (in addition to the dipole) have been recently obtained for inclusive
dijet production in Ref. [42]. This means that it is indeed feasible to provide numerical estimates of the fragmentation
contribution for inclusive photon plus jet production, albeit with scale and scheme uncertainties associated with the
fragmentation function Dq¯→γ(λγ/q¯, µF ). We will explore this calculation in the future; in this present work, we will
limit ourselves to computing the direct contribution in Eq. (74).
To quantify the full impact of the direct contribution, the numerical results that we will present in this paper will
be for kinematics in which the fragmentation contribution is suppressed, which as evident from Eq. (77) is the case
for large kγ⊥/λγ/q¯.
B. Obtaining the direct photon+quark contribution
In this section, we will derive an expression for the direct contribution to the differential cross-section in Eq. (74).
In order to obtain this for the case of the longitudinally polarized virtual photon, we will compute the antiquark phase
space integrated (finite) result for the terms in Eq. (52) modulo the piece of
∫
d2p⊥exp(−ip⊥.(y⊥ − y′⊥))J iL,3 J i ∗L,3
that has been absorbed into the fragmentation function. As discussed before, most of the terms are independent of
p⊥ and hence will lead to y⊥ = y
′
⊥ after integration over p⊥ and y
′
⊥. For such terms, the color structure of the
Wilson line correlators simplifies to
Θ(x⊥,x′⊥,y⊥|Y ) = 1− S(2)Y (x⊥,y⊥)− S(2)Y (y⊥,x′⊥) + S(2)Y (x⊥,x′⊥) , (79)
which only contains dipole correlators. We have chosen to denote the coincidence limit y⊥ = y′⊥ of the LO color
structure in Eq. (47) by Θ to avoid confusion with the color structure for the remaining terms, which contain at
least one J iL,3 (or its complex conjugate) and therefore possess the most general color structure with both dipole and
quadrupole correlators.
The direct photon+quark contribution to the cross-section can therefore be split into the sum of two terms as
dσ
γ∗LA→qγX
D
d2k⊥d2kγ⊥dηqdηγ
= AL(ηq, ηγ ,k⊥,kγ⊥) + BL(ηq, ηγ ,k⊥,kγ⊥;µF ) , (80)
where AL has the color structure given by Eq. (79), representative of terms in the amplitude independent of p⊥, and
BL, which has the general color structure given by Eq. (47). The first piece can be expressed as
AL(ηq, ηγ ,k⊥,kγ⊥) =
16Ncα
2
emq
4
fz
3
q (1− zq − zγ)2
(2pi)4
∫
x⊥,x′⊥,y⊥
e−ik⊥·(x⊥−x
′
⊥) Θ(x⊥,x′⊥,y⊥|Y )
×
{
ξqq
[J iL,1(r⊥) + J iL,2(r⊥)][J i ∗L,1(r′⊥) + J i ∗L,2(r′⊥)] e−ikγ⊥·(r⊥−r′⊥) + ξq¯q¯ J iL,4(r⊥)J i ∗L,4(r′⊥)
− ξqq¯
[J iL,1(r⊥) + J iL,2(r⊥)]J i ∗L,4(r′⊥)e−ikγ⊥·r⊥ − ξq¯qJ iL,4(r⊥) [J i ∗L,1(r′⊥) + J i ∗L,2(r′⊥)]eikγ⊥·r′⊥} .
(81)
19 See [58] for numerical studies of inclusive dijet production in DIS at small x in the correlation limit at an EIC and [42] which goes
beyond this limit for both inclusive and diffractive dijets in small x DIS.
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The expressions for the various coefficients ξqq, ξq¯q¯ and ξqq¯ are given respectively in Eqs. (55) and (56). We should
equate zq¯ = 1 − zq − zγ in these expressions because we are integrating over the antiquark phase space. The same
argument also holds for the functions J iL,1, J iL,2 and J iL,4, given respectively by Eq. (57), Eq. (58) and the q ↔ q¯
interchanged counterpart of Eq. (58).
It should be noted that if we assume translational invariance in the transverse direction, then for y⊥ = y′⊥, the
dipoles appearing in the color structure given by Eq. (79) are dependent only on the relative separations, r⊥ = x⊥−y⊥,
r′⊥ = x
′
⊥ − y′⊥, and r⊥ − r′⊥ = x⊥ − x′⊥. We will use this in the next section where we obtain limiting expressions
for the direct photon+quark contribution and express them entirely in momentum space.
To obtain a compact expression for the second contribution BL in Eq. (80), we will first isolate the piece in the r.h.s
of Eq. (68) that contains ln(1/|y⊥ − y′⊥|µF ). As discussed previously, this comes from the integration in transverse
momenta over p⊥ of the quantity J iL,3 J i ∗L,3, for momenta above the fragmentation scale µF . We will also use the
following result20 for terms in the amplitude squared that contain a single J iL,3 or its complex conjugate,∫
d2p⊥e
−ip⊥·ryy′⊥J iL,3(r⊥) = 2pii
riyy′⊥
r2yy′⊥
e
−i (1−zq)zγ kγ⊥·ryy′⊥ eikγ⊥·ryy′⊥ JˆL,3(r⊥) , (82)
where ryy′⊥ = y⊥ − y′⊥ and we have introduced the shorthand notation
JˆL,3(r⊥) = Q 1− zq
zγ
∫
l⊥
e−il⊥·r⊥
l2⊥ + ∆3
=
Q
2pi
1− zq
zγ
K0(∆
1/2
3 r⊥) . (83)
The corresponding expression for J i ∗L,3 is obtained by replacing JˆL,3(r⊥) on the r.h.s. of Eq. (82) by Jˆ ∗L,3(r′⊥), where
Jˆ ∗L,3(r′⊥) = Q
1− zq
zγ
∫
l′⊥
eil
′⊥·r′⊥
l′2⊥ + ∆3
=
Q
2pi
1− zq
zγ
K0(∆
1/2
3 r
′
⊥) . (84)
As before, r⊥ = x⊥ − y⊥ and r′⊥ = x′⊥ − y′⊥.
We obtain finally,
BL(ηq, ηγ ,k⊥,kγ⊥;µF ) =
16Ncα
2
emq
4
fz
3
q (1− zq − zγ)2
(2pi)6
∫
x⊥,x′⊥,y⊥,y
′
⊥
e−ik⊥·(x⊥−x
′
⊥)e
−i 1−zqzγ kγ⊥·ryy′⊥ Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y )
×
{
ξq¯q¯
[
pi ln
( 1
r2yy′⊥ µ
2
F
)
JˆL,3(r⊥) Jˆ ∗L,3(r′⊥) + 2pii
riyy′⊥
r2yy′⊥
(JˆL,3(r⊥)J i ∗L,4(r′⊥) + J iL,4(r⊥) Jˆ ∗L,3(r′⊥))]
−ξqq¯2pii
riyy′⊥
r2yy′⊥
[J iL,1(r⊥) + J iL,2(r⊥)] Jˆ ∗L,3(r′⊥)e−ikγ⊥·r⊥ − ξq¯q2piiriyy′⊥r2yy′⊥ JˆL,3(r⊥) [J i ∗L,1(r′⊥) + J i ∗L,2(r′⊥)]eikγ⊥·r′⊥
}
.
(85)
The JˆL,3’s are defined in Eqs. (83) and (84). It is assumed that the replacement zq¯ = 1− zq − zγ has been made in
the expressions for the different ξ’s and J ’s appearing in the above equation.
The direct photon+quark production cross-section for the case of transverse polarization of the virtual photon can
be similarly broken up into two pieces depending on the color structure. Explicit expressions for these are provided
in Appendix F 2.
C. Simplifying the direct photon+quark contribution
We will now consider the direct photon+quark production cross-section obtained in the previous section in a limit
where the scale 1/(y⊥−y′⊥)2 is much larger than the fragmentation scale µ2F . In this limit, we are in a region entirely
dominated by direct photons. A strong motivation to study this limit is that the color structure of the BL term in
the direct photon+quark cross-section (see Eqs. (80) and (85)) simplifies greatly to include only dipole correlators
when y⊥ → y′⊥. This will allow us to express the direct photon+quark cross-section entirely in momentum space,
which makes the result much more amenable to numerical analysis compared to the general result, which contains
20 To avoid confusion, we note that J iL,3(r⊥) contains an implicit dependence on p⊥.
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the quadrupole correlator. We will again restrict our discussion here to longitudinally polarized virtual photons. The
same techniques can be applied to obtain results for transverse polarizations; these are provided in Appendix F 3.
As is evident from the constituent expressions for the direct photon+quark production cross-section, we only need
to examine the limiting form for the second contribution BL, since AL (in Eqs. (80) and (81)) already contains only
dipole correlators. Taking the naive limit y⊥ → y′⊥ in Eq. (85) is problematic because the logarithm in ryy′⊥ will
diverge. We will therefore perform an approximation in which we Taylor expand the color structure around ryy′⊥ = 0
and perform the integration over ryy′⊥ using known identities.
From the expression for BL given by Eq. (85), we see that the integrals of interest can be expressed schematically
in the following form
I1(v⊥) =
∫
u⊥
ln
( 1
µFu⊥
)
e−iv⊥·u⊥f(u⊥) , (86)
Ii2(v⊥) = i
∫
u⊥
ui⊥
u2⊥
e−iv⊥·u⊥f(u⊥) , (87)
where, for our computation, we have u⊥ = ryy′⊥, v⊥ =
(1−zq)
zγ
kγ⊥ and f(u⊥) represents the color structure denoted
by Ξ(x⊥,y⊥;y
′
⊥,x
′
⊥|Y ) in Eq. 47. We can now do a Taylor expansion for the function f around u⊥ = 0⊥ and rewrite
the integral in Eq. (86) as
I1(v⊥) ≈ f(0⊥)
∫
u⊥
ln
( 1
µFu⊥
)
e−iv⊥·u⊥ + i
∂
∂vk
(∫
u⊥
ln
( 1
µFu⊥
)
e−iv⊥·u⊥
)
(∂kf(0⊥)) + . . . . (88)
We will now use the well-known identity (see for example Appendix A of [19])∫
u⊥
ln
( 1
au⊥
)
e−iv⊥·u⊥ = 2pi
∫
u⊥du⊥ ln
( 1
au⊥
)
J0(u⊥v⊥) =
2pi
v2⊥
, (89)
where J0 is a Bessel function of the first kind. In addition, we make the argument that the physical scale that sets the
scale for the gradients of the Wilson line correlators contained in the function f , is the saturation momentum scale
Qs, i.e. ∂kf(0⊥) ∼ Qs.
We can then write the integrals in Eqs. (86) and (87) as
I1(v⊥) ≈ 2pi
v2⊥
f(0⊥)
(
1 +O
(
Qs
v⊥
)
+ . . .
)
, (90)
Ii2(v⊥) ≈
2pi
v2⊥
vi⊥ f(0⊥)
(
1 +O
(
Qs
v⊥
)
+ . . .
)
, (91)
where the relative magnitude between consecutive terms is O(Qs/v⊥).
In the limit,
1
|y⊥ − y′⊥|
∼ v⊥ = 1− zq
zγ
kγ⊥  Qs , (92)
we can therefore consider only the leading term in the expansion and study qualitative features of the cross-section
which is proportional to f(0⊥) or equivalently only contains dipoles as in Eq. (79).
We will now use the above arguments to obtain the leading term in the limit given by Eq. (92) for the term BL in
Eq. (85). We consider the dipoles to be translationally invariant so that
S
(2)
Y (x⊥,y⊥)→ S(2)Y (r⊥) , S(2)Y (x′⊥,y′⊥)→ S(2)Y (r′⊥) , S(2)Y (x⊥,x′⊥)→ S(2)Y (r⊥ − r′⊥) , (93)
for y⊥ − y′⊥ = 0, and we can write
Θ(r⊥, r′⊥|Y ) = 1− S(2)Y (r⊥)− S(2)Y (r′⊥) + S(2)Y (r⊥ − r′⊥) . (94)
Finally, we make the following simple redefinitions in order to obtain a compact expression for the direct photon+quark
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cross-section that may be expressed entirely in momentum space:
J iL,1(r⊥) e−ikγ⊥·r⊥ = KiL,1(r⊥) =
∫
l⊥
eil⊥·r⊥K˜iL,1(l⊥ + kγ⊥) , (95)
J iL,2(r⊥) e−ikγ⊥·r⊥ = KiL,2(r⊥) =
∫
l⊥
eil⊥·r⊥K˜iL,2(l⊥ + kγ⊥) , (96)
zγ
1− zq
kiγ⊥
k2γ⊥
JˆL,3(r⊥) = KiL,3(r⊥) =
∫
l⊥
eil⊥·r⊥K˜iL,3(l⊥) , (97)
J iL,4(r⊥) = KiL,4(r⊥) =
∫
l⊥
eil⊥·r⊥K˜iL,4(l⊥) . (98)
The functions J iL,1 and J iL,2 are given by Eqs. (57) and (58). J iL,4 is obtained from Eq. (58) by q ↔ q¯ interchange
while JˆL,3 is given in Eq. (83). The expressions for the complex conjugates can be obtained straightforwardly from the
above equations. In Eqs. (95)-(98) appearing above, K˜L’s represent the momentum space versions of their coordinate
space counterparts.
In terms of these newly defined functions KiL,p (p = 1, . . . , 4), we can combine the terms AL and BL in Eqs. (81)
and (85) to obtain the following expression for the leading contribution to the direct photon+quark cross-section-in
the limit described by Eq. (92):
dσ
γ∗LA→qγX
D
d2k⊥d2kγ⊥dηqdηγ
∣∣∣∣∣
lead.
=
16Ncα
2
emq
4
fz
3
q (1− zq − zγ)2
(2pi)4
S⊥
∫
r⊥,r′⊥
e−ik⊥.(r⊥−r
′
⊥)Θ(r⊥, r′⊥|Y )RqγL (r⊥, r′⊥; k, kγ) , (99)
where S⊥ represents the transverse area of the target nucleus and
RqγL = ξqq
[
KiL,1(r⊥) +KiL,2(r⊥)
][Ki ∗L,1(r′⊥) +Ki ∗L,2(r′⊥)]− ξqq¯[KiL,1(r⊥) +KiL,2(r⊥)][Ki ∗L,3(r′⊥) +Ki ∗L,4(r′⊥)]
− ξq¯q
[
KiL,3(r⊥) +KiL,4(r⊥)
][
Ki ∗L,1(r′⊥) +Ki ∗L,2(r′⊥)
]
+ ξq¯q¯
[
KiL,3(r⊥) +KiL,4(r⊥)
][Ki ∗L,3(r′⊥) +Ki ∗L,4(r′⊥)] . (100)
We can now define the CGC averaged dipole correlators as
CY (l⊥) =
∫
r⊥
e−il⊥·r⊥ S(2)Y (r⊥) , (101)
and use Eqs. (95)-(98) to express Eq. (99) in terms of momentum space quantities as
dσ
γ∗LA→qγX
D
d2k⊥d2kγ⊥dηqdηγ
∣∣∣∣∣
lead.
=
16Ncα
2
emq
4
fz
3
q (1− zq − zγ)2
(2pi)4
S⊥
∫
l⊥
CY (l⊥)HqγL (l⊥; k, kγ) , (102)
where
HqγL (l⊥; k, kγ) = ξqq
2∑
n,m=1
[
K˜iL,n(k⊥ + kγ⊥)− K˜iL,n(k⊥ + kγ⊥ − l⊥)
] [
K˜iL,m(k⊥ + kγ⊥)− K˜iL,m(k⊥ + kγ⊥ − l⊥)
]
− ξqq¯
2∑
n,m=1
[
K˜iL,n(k⊥ + kγ⊥)− K˜iL,n(k⊥ + kγ⊥ − l⊥)
] [
K˜iL,m+2(k⊥)− K˜iL,m+2(k⊥ − l⊥)
]
− ξq¯q
2∑
n,m=1
[
K˜iL,n+2(k⊥)− K˜iL,n+2(k⊥ − l⊥)
] [
K˜iL,m(k⊥ + kγ⊥)− K˜iL,m(k⊥ + kγ⊥ − l⊥)
]
+ ξq¯q¯
2∑
n,m=1
[
K˜iL,n+2(k⊥)− K˜iL,n+2(k⊥ − l⊥)
] [
K˜iL,m+2(k⊥)− K˜iL,m+2(k⊥ − l⊥)
]
. (103)
In Eq. (102), CY (l⊥) contains the non-perturbative input that has to be described by a model such as the MV or
Golec-Biernat Wusthoff (GBW) [79] models. The MV model provides initial conditions for the nucleus in the CGC
approach whereas the GBW model describes high energy DIS data using a simple parametrization for the dipole
amplitude.
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For the longitudinally polarized virtual photon, the functions K˜L constituting the momentum space expression for
the cross-section in Eq. (102) are obtained as
K˜iL,1(l⊥) = (zq + zγ)
zqk
i
γ⊥ − zγki⊥
(zqkγ⊥ − zγk⊥)2
Q
l2⊥ + ∆1
, (104)
K˜iL,2(l⊥) = −
Q
zqzγ
(zq + zγ)k
i
γ⊥ − zγli⊥
(l2⊥ + ∆1)
(
Q2 +
l2⊥
1−zq−zγ +
k2γ⊥
zγ
+
(l⊥−kγ⊥)2
zq
) , (105)
K˜iL,3(l⊥) =
kiγ⊥
k2γ⊥
Q
l2⊥ + ∆3
, (106)
K˜iL,4(l⊥) = −
Q
zγ(1− zq − zγ)
(1− zq)kiγ⊥ + zγli⊥
(l2⊥ + ∆3)
(
Q2 +
l2⊥
zq
+
k2γ⊥
zγ
+
(l⊥+kγ⊥)2
1−zq−zγ
) . (107)
The coefficients ξ’s are given in Eqs. (55)-(56) and
∆1 = (zq + zγ)(1− zq − zγ)Q2 , ∆3 = zq(1− zq)Q2 .
Similar expressions for transversely polarized virtual photons are provided in Appendix F 3. Substituting these
results into Eq. (18), we obtain a simple momentum space expression for the differential cross-section for prompt
“direct” photon+quark production in e+A DIS at small x. Using suitable models for the non-perturbative content,
we will now evaluate these expressions numerically and study observables that provide novel ways to study gluon
saturation.
VI. AZIMUTHAL ANGLE CORRELATIONS IN DIRECT PHOTON+QUARK PRODUCTION
Azimuthal angle correlations in two-particle production have been proposed previously to be a sensitive probe of
gluon saturation inside nuclear matter [43]. Gluon saturation leads to a suppression of the back-to-back peak in the
correlation of dihadrons/dijets in e + A [56] and p + A [45, 52, 53, 80] collisions, and in the correlation of photons
and hadrons in p + A collisions [36, 62]. To go beyond these studies, we compute azimuthal angle correlations of
photons and quarks in e + A DIS for the first time. We focus our attention on the production of direct photons,
and leave the analysis of fragmentation photons for future work. Towards this end, we will study the behavior of the
leading contribution to the differential cross-section (normalized by the transverse area of the target) as a function
of the azimuthal angle between the direct photon and the quark ∆φqγ , and integrated over transverse momenta and
rapidities:
dNqγ(∆φqγ)
dQ2dW 2
=
1
S⊥
∑
f=u,d,s
∫
dσeA→e
′qγX
D
dW 2dQ2dk2⊥dηqdk
2
γ,⊥dηγd(∆φqγ)
∣∣∣∣∣
lead.
dk2⊥dηqdk
2
γ,⊥dηγ . (108)
The differential cross-section for the leading contribution to direct photon+quark production can be found by com-
puting Eq. (18) together with Eq. (102) and Eq. (F27). We further normalize our results by the single inclusive quark
production cross-section (see Appendix G)
dNq
dQ2dW 2
=
1
S⊥
∑
f=u,d,s
∫
dσeA→e
′qX
dW 2dQ2dk2⊥dηq
dk2⊥dηq , (109)
to define the correlation coefficient (associated yield) of direct photons for a quark/jet trigger21:
C(∆φqγ) = dNqγ(∆φqγ)
dQ2dW 2
/ dNq
dQ2dW 2
, (110)
where we have summed over the contributions of the three light-quark flavors in defining Eqs. (108) and (109).
21 This observable has been studied in the production of dihadrons in p+A collisions in [45] and [52] .
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A. Set-up: proton and nuclear dipole correlators from running coupling Balitsky-Kovchegov evolution
Azimuthal angle correlations from the direct photon+quark alone depend on CY (l⊥), the two-point dipole correlator
in momentum space. We obtain CY (l⊥) from the Fourier transform of the coordinate space solution to the running
coupling Balitsky-Kovchegov (rcBK) equation [63, 64, 81–83]:
dS
(2)
Y (r⊥)
dY
=
∫
r1⊥
Krc(r⊥, r1⊥, r2⊥)
[
S
(2)
Y (r1⊥)S
(2)
Y (r2⊥)− S(2)Y (r⊥)
]
, (111)
where r2⊥ = r⊥ − r1⊥, and the running coupling kernel Krc is given by [84],
Krc(r⊥, r1⊥, r2⊥) =
Ncαs(r⊥)
2pi2
[
r2⊥
r12⊥r2
2
⊥
+
1
r12⊥
(
αs(r1⊥)
αs(r2⊥)
− 1
)
+
1
r22⊥
(
αs(r2⊥)
αs(r1⊥)
− 1
)]
. (112)
The coordinate space coupling in the above is given by
αs(r⊥) =
12pi
(33− 2Nf ) log
(
4C2
r2⊥Λ
2
QCD
) , (113)
with ΛQCD = 0.241 GeV, Nf = 3, and C a dimensionless parameter controlling the running of the coupling.
The initial conditions for the evolution are given by the modified MV model with a regulator e′c (MVe) used in
prior phenomenological studies of data from HERA and from proton-nucleus collisions at RHIC aand the LHC [85]:
S
(2)
Y=0(r⊥) = exp
[
−1
4
Q2sp,0r
2
⊥ log
(
1
rΛQCD
+ e′c
)]
. (114)
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FIG. 2. Proton and gold dipole correlators in momentum space at the initial rapidity Y = 0 prior to rcBK evolution with Y .
The nuclear dipole correlator is broader and peaked at a larger value of momentum relative to the proton dipole correlator.
Note that in our convention for the Fourier transform we have
∫
l⊥
CY (l⊥) = 1.
The parameters are C = 7.2, e′c = 51.4 and Q
2
sp,0 = 0.060 GeV
2. Note that the latter two correspond to a saturation
scale Q2s = 0.238 GeV
2, defined by S2Y=0(r
2 = 2/Q2s) = exp(−1/2). They have been choosen to fit inclusive DIS
HERA e+p data, and provide a good phenomenological description of the proton dipole correlator [85]. (See also [65].)
The nuclear dipole correlator is computed via the optical Glauber model, generalizing Eq. (114) by the replacement,
Q2sA,0(b⊥)→ ASp,⊥TA(b⊥)Q2sp,0 , (115)
where A is the total number of nucleons in the nuclear target, Sp,⊥ = 16.4 mb is the effective area of the proton22,
22 This is also a parameter of the MVe fit in [85].
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and
TA(b⊥) =
∫ ∞
−∞
n dz
1 + exp
[√
b2⊥+z
2−RA
a
] , (116)
is the nuclear thickness function obtained by integrating the Woods-Saxon distribution along the z−direction, with
n chosen such that
∫
b⊥
TA(b⊥) = 1. For the gold nucleus (A = 197), we take RA = 6.37 fm, and a = 0.54 fm.
Determining the impact parameter in electron-nucleus collisions is difficult due to the lack of centrality classes. We
will here, in this exploratory study, evaluate the saturation scale at the mean impact parameter (〈b⊥〉 = 0.59× RA)
as a proxy for minimum bias. This results in the relation Q2sA,0(〈b⊥〉) = 2.7×Q2sp,0 between the nuclear and proton
saturation scales at the initial scale x0 corresponding to the initial rapidity Y = 0. The dipole correlator in momentum
space can be computed with the given input parameters for both the proton and the gold nucleus. The result is plotted
in Fig. 2.
Given these initial conditions, the rcBK equation is evolved up to Y = log(x0/xg), where xg is determined by the
kinematics of the final state particles. For q + γ production we have,
xg =
Q2
W 2
+
k⊥e−ηq + kγ,⊥e−ηγ
2Ep
, (117)
where Ep is the energy of the proton. This relation follows from energy-momentum conservation
23. We will perform
our study in the frame where the virtual photon and the proton have zero transverse momentum and the momentum
of the proton is that of the laboratory frame.
B. Numerical results for azimuthal angle correlations in e+ p and e+Au collisions
We present in Fig. 3 our numerical results for the direct photon-jet azimuthal angle correlations in e+p and minimum
bias e+Au collisions at the center-of-mass energy
√
s = 90 GeV which is close to the anticipated EIC center-of-mass
energy per nucleon. The kinematical range in transverse momenta and rapidities of the photon and quark have been
choosen so that xg remains smaller than 10
−2. Further, we select an inelasticity y close to 1 so that we maximize the
center of mass energy squared W 2 of the photon-nucleon system for a fixed s.
The left panel of Fig. 3, shows the yield of direct photons associated to DIS events with at least one quark/jet as
a function of the relative azimuthal angle between the direct photon and the jet. We observe a back-to-back peak
in the azimuthal angle correlation (∆φqγ ∼ pi), which is suppressed and broadened for collisions with the denser
nuclear target compared to those in proton. The origin of the supression in the back-to-back peak can be traced to
the broadening of the dipole correlator in momentum space as the saturation scale is increased, as shown in Fig. 2.
Physically, the broadening of CY (l⊥) corresponds to an increase in the momentum transfer imparted to qγ system
as it multiple scatters from the nuclear target, resulting in the decorrelation of the back-to-back peak. An additional
imbalance of the transverse momenta of the γq is produced by the transverse momentum carried by the integrated
antiquark q¯; however, the integration over its phase-space is dominated by small transverse momenta.
We also observe an enhacement in the correlation as the photon is emitted collinearly from the quark (∆φqγ ∼ 0, 2pi).
The collinear enhancement can be easily identified in Eqs. (104) and (F34). It occurs in the contribution where the
photon is emitted from the quark after it scatters from the nuclear target. Our numerical result shows that the
collinear region is less sensitive to nuclear effects, as little difference is observed when the nuclear species is changed
from proton to gold.
To more efficiently characterize the supression in the back-to-back peak, we study the ratio
ReA =
C(∆φqγ)[eAu]
C(∆φqγ)[ep] , (118)
shown in the right panel of Fig. 3. Near the back-to-back peak we observe a significant supression for the yield of
direct photons when comparing proton DIS to nuclear DIS in the same transverse momenta and rapidity bins.
We can also study the dependence of ReA on the virtuality Q
2 of the virtual photon. We find that the ratio ReA
converges towards unity as the Q2 of the DIS probe increases, signaling the weakening of the suppression of back-to-
back correlations. This behavior is characteristic of gluon saturation: as the virtuality Q2 is increased, the system
23 We assumed that the typical transverse momentum of the integrated antiquark is small and thus the antiquark does not carry a significant
fraction of the longitudinal momentum.
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FIG. 3. Left: The azimuthal correlator (defined in Eq. (110)) as a function of the relative azimuthal angle ∆φqγ between the
direct photon and the quark in e+p and e+Au collisions. Right: The ratio ReA (see Eq. (118)) of azimuthal angle correlations
in e+Au relative those in e+ p collisions as a function of ∆φqγ .
becomes more dilute and the multiple scattering and shadowing of gluons becomes less dominant. In the dilute limit
of Q2  Q2s, one can approximate the Wilson line correlators in Eq. (94) by
Θ(r⊥, r′⊥|Y = 0) ≈
1
2
Q2s [Γ(r⊥) + Γ(r
′⊥)− Γ(r⊥ − r′⊥)] , (119)
where S
(2)
Y=0(r⊥) = exp
(− 14Q2sΓ(r⊥)). In this approximation, the saturation scale appears as a multiplicative factor
in the differential cross-sections in Eqs. (99), (F20), (G4) and (G5). It therefore cancels in the correlator C(∆φqγ),
resulting in the ratio ReA becoming identical to unity. Thus deviations from unity in ReA provide a good measure of
the sensitivity of the azimuthal correlations to the many-body multiple scattering and color screening (“shadowing”)
effects due the dense gluon system comprising nuclear matter at high energies. The study of the Q2 dependence of
correlation measurements provides an additional handle in e + A collions relative to p + A collisions for systematic
studies of gluon saturation phenomena.
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FIG. 4. ReA dependence of photon+quark correlations as a function of Q
2.
More detailed information can be obtained by studying the azimuthal correlations at different transverse momenta
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and rapidities of the photon. The panel on the left in Fig. 5 shows the ReA parameter defined in Eq. (118) as a
function of the azimuthal angular separation ∆φqγ for different ranges of the photon transverse momentum in the
same rapidity ranges for quark and photon. We find that the suppression is maximal when the transverse momenta
of the quark and photon are closer in magnitude or equivalently, when the back-to-back imbalance in transverse
momenta is close to zero. As the difference in the magnitudes of the transverse momenta of the observed final state
particles is increased, the suppression factor between that for the proton and for the gold nucleus is reduced. Thus
precise reconstruction and identification of the jet and photon transverse momenta respectively are needed to carefully
measure the back-to-back suppression.
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FIG. 5. Left: ReA computed for different ranges in the photon transverse momentum. Right: ReA for different ranges in the
photon rapidity.
In the case of dihadron production in p + A collisions, it has been argued [52] that the rapidity dependence on
the suppression provides an additional handle to probe gluon saturation. It is anticipated that because of small x
evolution, particle production at forward rapidities will result in more visible effects of saturation. However, we find
very little dependence of the suppression on the rapidity of the photon (right panel in Fig. 5). This might be because
of the limited phase-space allowed by the kinematics at EIC energies, which results in limited small x evolution.
It may also be due in part to the integration over the antiquark phase space which results in a more complicated
dependence of the impact factor on the rapidity of the jet and the photon.
VII. SUMMARY AND OUTLOOK
We derived in this paper analytic expressions for inclusive prompt photon+quark production in e+A DIS at small x
and at LO in the CGC EFT power counting. We presented a complete calculation accounting for both fragmentation
and direct photon contributions. We find that the former is a convolution of the differential cross-section for inclusive
dijet production and the antiquark-to-photon fragmentation function; it is sensitive to both dipole and quadrupole
Wilson line correlators. In contrast, at large transverse momenta (which effectively impose an isolation cut on the
photon), the direct photon contribution only depends on the dipole Wilson line correlator.
We expressed our results for direct photon+jet production fully in momentum space, and computed the dipole
correlator using the solution of the rcBK small x evolution equation. This allowed us to study for the first time
the inclusive direct photon-jet azimuthal angle correlations in the kinematic range of the Electron-Ion Collider. We
observed a significant suppression and broadening of the back-to-back peak as the saturation scale is increased by
comparing e + p collisions to e + Au min-bias collisions. Our results suggest that the back-to-back suppression will
be further amplified if it were possible to identify more central e+ A collisions [86] corresponding to larger values of
the saturation scale. While our results suggest that photon-jet correlations are a promising channel to probe gluon
saturation, this will require jet reconstruction for k⊥ values in the range of 2− 3 GeV at EIC energies.
Since such jet measurements are extremely challenging, photon-hadron correlations (whereby the final state quark
fragments into a hadron), may provide an alternative channel that is sensitive to the process we have computed at the
parton level. A useful study, outside the scope of the present work, would be to estimate the relative uncertainties in
low kt jet reconstruction and those arising from our anticipated knowledge of fragmentation functions in the EIC era.
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In future work, we plan to extend our numerical results to NLO in the CGC power counting. This will require the
numerical evalution of the impact factor [39, 40] and the numerical implementation of the small x evolution of Wilson
line correlators employing renormalization group evolution via the NLO BK [82, 87–89] or NLO JIMWLK [90, 91]
equations.
An important subset of NLO contributions are those of Sudakov type that have been studied in the context of
two particle correlations at small x [92, 93]. They provide an additional suppression of the back-to-back peak in the
production of di-hadrons [56] which may complicate the extraction of a clean signal for gluon saturation. We expect
that due to the integration over the phase space of the antiquark in our process, Sudakov effects will be realized
differently for photon+quark correlations. If so, a comparative study of the dijet and photon+jet channels can help
isolate the relative contributions of Sudakov and gluon saturation effects.
An interesting extension of the computation discussed here would be to integrate over the phase space of the quark
and extract the inclusive prompt photon cross-section in e + A DIS at small x. This has been computed at small x
for p + A collisions at LO [21] and NLO [31, 32, 35] in the CGC power counting. Because one has clean initial and
final states, essentially free from hadronization uncertainties, the measurement of prompt photons at the EIC provides
another important channel to probe the gluon saturation regime. We will explore this possibility in the future.
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Appendix A: Conventions
We work in light-cone coordinates suitable for computations in the eikonal limit. These are defined as
x+ =
1√
2
(
x0 + x3
)
, x− =
1√
2
(
x0 − x3) , (A1)
with transverse coordinates remaining the same as in Minkowski space. We write four vectors as aµ = (a+, a−,a⊥),
where a⊥ is the two-dimensional vector of transverse components of a. The magnitude of the two dimensional vector
will always be denoted by a⊥. The metric has the following non-zero entries: g+− = g−+ = 1 and gij = −δij (i, j =
1, 2). The same definition holds for γ+ and γ−, with the Clifford algebra defined by the anticommutation relation
{γµ, γν} = 2gµν 14x4 . (A2)
The scalar product is given by a · b = a+b− + a−b+ − a⊥ · b⊥. For example, /a = a+γ− + a−γ+ − a⊥ · γ⊥.
We will use the following shorthand notations for the momentum integrals,∫
l
=
∫
d4l
(2pi)4
,
∫
l⊥
=
∫
d2l⊥
(2pi)2
,
∫
l±
=
∫
dl±
2pi
,
∫
l
=
∫
l⊥
∫
l+
∫
l−
. (A3)
Appendix B: CGC Feynman rules
We work in the light cone gauge A− = 0. In addition to the regular Feynman rules that follow from the QED and
QCD Lagrangians (see for example, the book by Schwartz [94]), we also need an expression for the dressed quark
propagator in the background of the classical field of small x gluons inside the dense nucleus. In our computation,
the Feynman diagram for the dressed quark propagator is shown in Fig. 6. The momentum space expression for the
dressed propagator can be written as [13, 95, 96],
Sij(p, q) = S
0
ik(p) Tkm(p, q)S0mj(q) , (B1)
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where we have considered the two fermion lines on either side of the effective interaction vertex, shown by a crossed
circle in Fig. 6, to be internal (off-shell). i, j, k,m represent color indices in the fundamental representation of SU(Nc).
For an outgoing on-shell quark line with momentum p in Fig. 6, we will replace S0(p) by the Dirac spinor u¯(p) in
Eq. B1.
j i
q p
FIG. 6. Feynman diagram for the dressed quark propagator in the classical background field of the nucleus. i and j denote the
color indices in the fundamental representation of SU(Nc).
In Eq. (B1), the free massless quark propagator with momentum p is given by
S0ij(p) =
i/p
p2 + iε
δij . (B2)
The effective vertex appearing in the dressed quark propagator has the following expression in A− = 0 gauge [95, 96]
Tkm(p, q) = 2pi δ(p− − q−)γ−sign(p−)
∫
z⊥
e−i(p⊥−q⊥)·z⊥U˜ sign(p
−)
km (z⊥) . (B3)
Here U˜ is a Wilson line in the fundamental representation of SU(Nc) which can be written as
U˜(x⊥) = P−
(
exp
{
− ig
∫ +∞
−∞
dz−A+,acl (z
−,x⊥) ta
})
, (B4)
where P− means path ordering along the ‘−’ LC direction, ta (a = 1, . . . , Nc) represents the generators of the
fundamental representation of SU(Nc) and A
+
cl is a solution (see Eq. (B6)) of the classical Yang-Mills equations in the
A− = 0 gauge. The latter can be written as
[Dµ, F
µν ](x) = g δν+ρA(x
−,x⊥) , (B5)
where the covariant derivative Dµ = ∂µ− igAµ, Fµν is the field strength tensor, g represents the QCD gauge coupling,
and ρA(x
−,x⊥) ≈ ρA(x⊥)δ(x−) represents the color charge density of large x static sources for the small x dynamical
fields Aµ. The delta function in the color charge density denotes that we are working in a frame where the nucleus is
right moving at nearly the speed of light. The solutions of the YM equations in the light cone (LC) A− = 0 gauge
are given by
A+cl =
1
4pi
∫
z⊥
ln
1
(x⊥ − z⊥)2Λ2 ρA(x
−, z⊥) ,
A−cl = 0 ; Acl,⊥ = 0 , (B6)
where Λ is an infrared cutoff necessary to invert the Laplace equation −∇2⊥A+cl = gρA.
In Eq. (B1), we include the possibility of “no scattering” (given by U˜ = 1) within the definition of the effective
vertex . So the dressed propagator also contains a free part given by (2pi)4δ(4)(p − q)S0ij(p) and an interacting part
which contains all possible scattering with the nuclear shock wave. This is pictorially depicted by Fig. 7. From
this equivalent representation and from the expressions for the fundamental Wilson line in Eq. (B4) and the small x
classical gluon field given by Eq. (B6), we observe that the dressed quark (and antiquark) propagators in the CGC
EFT efficiently resum all higher twist contributions ρA∇2⊥
→ Q2SQ2 from the multiple scattering of the qq¯ dipole off the
color field of the nucleus.
Appendix C: Derivation of Rqq¯γL and Rqq¯γT
In obtaining the differential cross-section for γ + q production in e+ A DIS at small x, two essential elements are
the “hard” coefficient functions Rqq¯γL and R
qq¯γ
T which enter the γ+ qq¯ cross-section in Eqs. (52) and (59) respectively.
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j i + j i
Acl Acl Acl Acl
≡ j i
q pp q p
FIG. 7. Diagrammatic representation of the dressed quark propagator in Eq. (B1) as a sum of the “no-scattering” contribution
as shown by the free propagator on the left and all possible multiple scattering with the background classical field Acl of small
x gluons. i and j denote the color indices in the fundamental representation of SU(Nc).
These functions are extracted from the modified hadron tensor given by Eq. (46). Using this definition for the hadron
tensor and comparing it with Eqs. (45) and (52), (59), we can write
Rqq¯γL =
1
64 z3qz
3
q¯ (q
−)2
∑
spins , pols.
4∑
m,n=1
AL †m (x′⊥,y′⊥)ALn(x⊥,y⊥) , (C1)
Rqq¯γT =
1
32 zqzq¯(q−)2
∑
T=±1
∑
spins , pols.
4∑
m,n=1
AT †m (x′⊥,y′⊥)ATn (x⊥,y⊥) , (C2)
where Aλm (m = 1, . . . , 4) are the reduced amplitudes for the four subprocesses. Their expressions for the processes
labeled M1 and M2 in Fig. 1 are given by Eqs. (36) and (40). For their q ↔ q¯ interchanged counterparts, we simply
replace k ↔ p and x⊥ ↔ y⊥ in these expressions and put an overall minus sign. Also, we use the prime symbol to
label transverse coordinates and momenta in the complex conjugate of these amplitudes.
Firstly, we note that we do not need to evaluate all the combinations of the squared amplitudes because most of
them are related by charge and complex conjugation. We can write the reduced amplitudes in Eqs. (36) and (40)
schematically as
Aλ1 (x⊥,y⊥) = e−ikγ⊥·x⊥
∫
l⊥
eil⊥·r⊥
Aλ1 (l⊥)
D1
,
Aλ2 (x⊥,y⊥) = e−ikγ⊥·x⊥
∫
l⊥
eil⊥·r⊥
(−Aλ2,reg(l⊥)
D1D2
+
−Aλ2,ins(l⊥)
D2
)
, (C3)
where the denominators D1 and D2 (and their quark-antiquark interchanged counterparts) are not important for
the current discussion. The terms of interest are the Aλ(l⊥)’s which contain the Dirac gamma matrix structures
specific to the hadronic subprocesses. When we sum over the spins of the outgoing quark and antiquark at the level
of amplitude squared, this results in traces over these gamma matrices. In addition, we have to sum over the two
transverse polarizations of the outgoing photon which is denoted by the index λ¯ in our amplitudes–see Eqs. (37),
(41) and (42). For the case of the longitudinally polarized virtual photon (λ = L = 0), the computation of the trace
can be simplified using the identity in Eq. (39) and also by noting that there is no “instantaneous” contribution from
the amplitude AL2 . We will provide below the final expressions obtained for the six independent terms in the sum
appearing in Eq. (C1).
a. Longitudinally polarized virtual photon
∑
spins , pols.(λ¯)
AL †1 (l
′⊥)AL1 (l⊥) = 64 (q
−)2zq z3q¯ (1− zq¯)2Q2
[
(1− zq¯)2 + z2q
] Ii1 Ii1 , (C4)∑
spins , pols.(λ¯)
AL †3 (l
′⊥)AL1 (l⊥) = −64 (q−)2z2q z2q¯ (1− zq¯)(1− zq)Q2 [zq(1− zq) + zq¯(1− zq¯)] Ii1 Ii3 , (C5)
∑
spins , pols.(λ¯)
AL †2,reg(l
′⊥)AL2,reg(l⊥) =
64 (q−)2z3q¯Q
2
zqz2γ
[
(1− zq¯)2 + z2q
] Ii2(l⊥) Ii2(l′⊥) , (C6)
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∑
spins , pols.(λ¯)
AL †4,reg(l
′⊥)AL2,reg(l⊥) = −
64 (q−)2zq¯ zqQ2
z2γ
[zq(1− zq) + zq¯(1− zq¯)] Ii2(l⊥) Ii4(l′⊥) , (C7)
∑
spins , pols.(λ¯)
AL †2,reg(l
′⊥)AL1 (l⊥) =
64 (q−)2z3q¯ (1− zq¯)Q2
zγ
[
(1− zq¯)2 + z2q
] Ii1 Ii2(l′⊥) , (C8)
∑
spins , pols.(λ¯)
AL †4,reg(l
′⊥)AL1 (l⊥) = −
64 (q−)2z2qzq¯(1− zq¯)Q2
zγ
[zq(1− zq) + zq¯(1− zq¯)] Ii1 Ii4(l′⊥) , (C9)
where the vector functions Ii1,2 are shorthand for
Ii1 =
zq k
i
γ⊥ − zγ ki⊥
|zq kγ⊥ − zγ k⊥|2 ,
Ii2(l⊥) = (1− zq¯)kiγ⊥ − zγ li⊥ . (C10)
The expressions for Ii3 and Ii4 are obtained respectively from Ii1 and Ii2 by the replacements zq ↔ zq¯ and k⊥ → p⊥.
It is easy to check that the expressions for the remaining combinations of squared amplitudes can be evaluated from
the quantities in Eqs. (C4)-(C9).
To obtain the desired form for Rqq¯γL as it appears in Eq.(54), we have combined the vector functions in Eqs. (C10)
(and their q ↔ q¯ counterparts) with the denominators D1 and D2 in the transverse integration over l⊥ to define the
new vector functions which we call J iL,p (p = 1, . . . , 4). The coefficients ξ’s are formed by the functions of zq and zq¯
that survive after cancellation with the prefactors appearing in Eq. (C1).
b. Transversely polarized virtual photon
In the case of the transversely polarized virtual photon, we have additional contributions due to the non-vanishing of
the instantaneous term in Eq. (40). In addition to the sums over the four allowed processes, outgoing quark-antiquark
spins and polarizations of the produced photon, we have to add the contributions from the two transverse polarization
states of γ∗ to obtain the desired expression for Rqq¯γT . We will represent this by the shorthand notation,∑
T,S,P
=
∑
T=±1
∑
spins , pols.(λ¯)
. (C11)
As in the previous section, we present here the final results for the various independent terms in the squared amplitude.
These are categorized into the following combinations:
1. Regular-Regular:∑
T,S,P
AT †1 (l
′⊥)AT1 (l⊥) = 32 (q
−)2zqzq¯
[
(1− zq¯)2 + z2q¯
] [
(1− zq¯)2 + z2q
] [Ii1lj⊥] [Ii1l′j⊥] , (C12)∑
T,S,P
AT †3 (l
′⊥)AT1 (l⊥) = 32 (q
−)2zqzq¯ [(1− zq¯)zq + zq¯(1− zq)] [zq(1− zq) + zq¯(1− zq¯)]
[
Ii1lj⊥ ][ Ii3l′j⊥
]
− 32 (q−)2zqzq¯ [(1− zq¯)zq − zq¯(1− zq)] [zq(1− zq)− zq¯(1− zq¯)] imjn
[
Ii1lj⊥
] [Im3 l′n⊥] , (C13)
∑
T,S,P
AT †2,reg(l
′⊥)AT2,reg(l⊥) =
32 (q−)2zq¯
[
(1− zq¯)2 + z2q¯
] [
(1− zq¯)2 + z2q
] [Ii2(l⊥)lj⊥] [Ii2(l′⊥)l′j⊥]
zqz2γ(1− zq¯)2
+
32 (q−)2zq¯
[
(1− zq¯)2 − z2q¯
] [
(1− zq¯)2 − z2q
]
imjn
[
Ii2(l⊥)lj⊥
] [Im2 (l′⊥)l′n⊥]
zqz2γ(1− zq¯)2
, (C14)
∑
T,S,P
AT †4,reg(l
′⊥)AT2,reg(l⊥) =
32 (q−)2 [(1− zq¯)zq + zq¯(1− zq)] [zq(1− zq) + zq¯(1− zq¯)]
[
Ii2(l⊥)lj⊥
] [
Ii4(l′⊥)l′j⊥
]
z2γ(1− zq¯)(1− zq)
−
32 (q−)2 [(1− zq¯)zq − zq¯(1− zq)] [zq(1− zq)− zq¯(1− zq¯)] imjn
[
Ii2(l⊥)lj⊥
] [Im4 (l′⊥)l′n⊥]
z2γ(1− zq¯)(1− zq)
, (C15)
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∑
T,S,P
AT †2,reg(l
′⊥)AT1 (l⊥) =
32 (q−)2zq¯
[
(1− zq¯)2 + z2q¯
] [
(1− zq¯)2 + z2q
] [Ii1lj⊥] [Ii2(l′⊥)l′j⊥]
zγ(1− zq¯)
+
32 (q−)2zq¯
[
(1− zq¯)2 − z2q¯
] [
(1− zq¯)2 − z2q
]
imjn
[
Ii1lj⊥
] [Im2 (l′⊥)l′n⊥]
zγ(1− zq¯) , (C16)∑
T,S,P
AT †4,reg(l
′⊥)AT1 (l⊥) =
32 (q−)2zq [(1− zq¯)zq + zq¯(1− zq)] [zq(1− zq) + zq¯(1− zq¯)]
[
Ii1lj⊥
] [
Ii4(l′⊥)l′j⊥
]
zγ(1− zq)
−
32 (q−)2zq [(1− zq¯)zq − zq¯(1− zq)] [zq(1− zq)− zq¯(1− zq¯)] imjn
[
Ii1lj⊥
] [Im4 (l′⊥)l′n⊥]
zγ(1− zq) . (C17)
2. Regular-Instantaneous:
∑
T,S,P
AT †2,ins(l
′⊥)AT2,reg(l⊥) =
32 (q−)2zqz2q¯ Ii2(l⊥) li⊥
(1− zq¯)2zγ , (C18)∑
T,S,P
AT †4,ins(l
′⊥)AT2,reg(l⊥) =
32 (q−)2zq¯(1− zq¯) Ii2(l⊥) li⊥
zγ(1− zq) , (C19)∑
T,S,P
AT †2,ins(l
′⊥)AT1 (l⊥) =
32 (q−)2z2qz
2
q¯ Ii1 li⊥
(1− zq¯) , (C20)∑
T,S,P
AT †4,ins(l
′⊥)AT1 (l⊥) =
32 (q−)2zqzq¯ (1− zq¯)2 Ii1 li⊥
(1− zq) . (C21)
3. Instantaneous-Instantaneous: ∑
T,S,P
AT †2,ins(l
′⊥)AT2,ins(l⊥) =
32 (q−)2zq zq¯
(1− zq¯)2 , (C22)∑
T,S,P
AT †4,ins(l
′⊥)AT2,ins(l⊥) = 0 . (C23)
We see that in all these expressions, the same vector functions defined in Eqs. (C10) appear, similar to the case of
longitudinally polarized virtual photon, albeit with an additional factor of li⊥. Following a similar procedure, we can
combine these functions with the relevant denominators that appear under the integration over l⊥ in Eqs. (36) and
(40) to define new tensor functions J ijT,p (p = 1, . . . , 4) which constitute the quantity Rqq¯γT given by Eq. (60). The
functions of zq and zq¯ that appear as prefactors in the above equations can be suitably moulded to give rise to the
various coefficients ζ, χ, κ defined in Appendix E.
Appendix D: Identities with polarization vector structures and transverse gamma matrices
In the previous section, we provided explicit results for the independent terms in the squared amplitude for both
longitudinal and transverse polarizations of the virtual photon. While the computation for the longitudinal case
is very straightforward, the same cannot be said for transversely polarized virtual photon. We will present here a
detailed list of the traces over various non-trivial structures involving transverse gamma matrices that appear in this
computation. We have explicitly indicated the sum over the two polarization states λ¯ = ±1 of the outgoing photon.
In this and the following discussion, c1 and c2 denote multiplicative factors. We will make extensive use of the
following useful identities involving gamma matrices in four dimensions to derive the desired expressions.
γjγkγj = 0 , γjγrγlγj = −2 γlγr , γjγrγtγkγj = 2 γrγkγt − 2 γtγkγr ,
Tr(γiγj) = −4 δij , Tr(γiγjγkγl) = 4 δijδkl − 4 ijkl ,
Tr
[
/aγ−γi1 γi2 . . . γin
]
= a−Tr
[
γi1 γi2 . . . γin
]
. (D1)
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Identities I: Two polarization vector structures only
∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)]
= 4(1− c1 − c2 + 2c1c2) δim , (D2)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 4(1− c1 − c2) δim , (D3)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 4(1− c1 − c2 + 2c1c2) δim , (D4)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)]
= 4(1− c1 − c2) δim . (D5)
Identities II: Two polarization vector structures and 4 transverse gamma matrices.
Four gamma matrices between polarization vector structures:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγrγtγk
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)]
= 8(1− c1 − c2 + 2c1c2)δimδrt
− 8(c1 + c2 − 2c1c2)imrt , (D6)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγkγkγt
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)]
= 8(1− c1 − c2 + 2c1c2)δimδrt
+ 8(c1 + c2 − 2c1c2)imrt , (D7)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγrγkγt
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)]
= 0 , (D8)
∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγkγtγk
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)]
= 0 . (D9)
Four gamma matrices (two and two) between polarization vector structures:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγr
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)
γtγk
]
= 8 (1− c1 − c2) δimδrt + 8(c2 − c1)imrt , (D10)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγk
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)
γkγt
]
= 8 (1− c1 − c2) δimδrt − 8(c2 − c1)imrt , (D11)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγr
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)
γkγt
]
= 0 , (D12)
∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγk
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)
γtγk
]
= 0 . (D13)
Four gamma matrices between polarization vector structures:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γkγrγtγk
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 8(1− c1 − c2 + 2c1c2)δimδrt
+ 8(c1 + c2 − 2c1c2)imrt , (D14)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γrγkγkγt
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 8(1− c1 − c2 + 2c1c2)δimδrt
− 8(c1 + c2 − 2c1c2)imrt , (D15)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γkγrγkγt
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 0 , (D16)
∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γrγkγtγk
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 0 . (D17)
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Four gamma matrices (two and two) between polarization vector structures:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γkγr
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γtγk
]
= 8 (1− c1 − c2) δimδrt − 8(c2 − c1)imrt , (D18)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γrγk
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γkγt
]
= 8 (1− c1 − c2) δimδrt + 8(c2 − c1)imrt , (D19)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γkγr
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γkγt
]
= 0 , (D20)
∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γrγk
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γtγk
]
= 0 . (D21)
Four gamma matrices between polarization vector structures:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγrγtγk
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 8(1− c1 − c2)δimδrt + 8(c2 − c1)imrt , (D22)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγkγkγt
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 8(1− c1 − c2)δimδrt − 8(c2 − c1)imrt , (D23)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγrγkγt
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 0 , (D24)
∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγkγtγk
(
λ¯,m⊥ + c2γ
mγnλ¯,n⊥
)]
= 0 . (D25)
Four gamma matrices (two and two) between polarization vector structures:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγr
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γtγk
]
= 8 (1− c1 − c2 + 2c1c2) δimδrt
− 8(c1 + c2 − 2c1c2)imrt , (D26)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγk
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γkγt
]
= 8 (1− c1 − c2 + 2c1c2) δimδrt
+ 8(c1 + c2 − 2c1c2)imrt , (D27)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγr
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γkγt
]
= 0 , (D28)
∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγk
(
λ¯,m⊥ + c2γ
nγmλ¯,n⊥
)
γtγk
]
= 0 . (D29)
Identities III: One polarization vector structure and 4 transverse gamma matrices
Four gamma matrices and one polarization vector structure:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γkγrγkγm
]
λ¯,m⊥ = 0 , (D30)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γrγkγkγm
]
λ¯,m⊥ = 8(1− 2c1) δir . (D31)
Four gamma matrices and one polarization vector structure:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γrγkγmγk
]
λ¯,m⊥ = 0 , (D32)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
jγiλ¯∗,j⊥
)
γkγrγmγk
]
λ¯,m⊥ = 8 δ
ir . (D33)
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Four gamma matrices and one polarization vector structure:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγrγkγm
]
λ¯,m⊥ = 0 , (D34)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγkγkγm
]
λ¯,m⊥ = 8 δ
ir . (D35)
Four gamma matrices and one polarization vector structure:∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γrγkγmγk
]
λ¯,m⊥ = 0 , (D36)∑
λ¯
Tr
[(
λ¯∗,i⊥ + c1γ
iγjλ¯∗,j⊥
)
γkγrγmγk
]
λ¯,m⊥ = 8(1− 2c1)δir . (D37)
Appendix E: Expressions for the coefficients ζ, χ, κ, σ and functions JT in Rqq¯γT
In this Appendix, we will provide the expressions for the various coefficients and functions that constitute the
coefficient function Rqq¯γT and its three components given by Eqs. (60)-(63).
ζqq =
[(
1− zq¯
zq
)2
+ 1
] [
(1− zq¯)2 + z2q¯
]
, ζq¯q¯ =
[(
1− zq
zq¯
)2
+ 1
] [
(1− zq)2 + z2q
]
, (E1)
ζqq¯ = ζq¯q =
[
1− zq
zq¯
+
1− zq¯
zq
]
[(1− zq¯)zq + zq¯(1− zq)] , (E2)
χqq =
[(
1− zq¯
zq
)2
− 1
] [
(1− zq¯)2 − z2q¯
]
, χq¯q¯ =
[(
1− zq
zq¯
)2
− 1
] [
(1− zq)2 − z2q
]
, (E3)
χqq¯ = χq¯q =
[
1− zq
zq¯
− 1− zq¯
zq
]
[(1− zq¯)zq − zq¯(1− zq)] , (E4)
κqq =
z2q¯ (1− zq¯)
(1− zq) , κq¯q¯ =
z2q (1− zq)
(1− zq¯) , (E5)
κqq¯ = κq¯q = (1− zq)(1− zq¯) , (E6)
σqq =
z2q¯ (1− zq¯)2
(1− zq)2 , σq¯q¯ =
z2q (1− zq)2
(1− zq¯)2 . (E7)
For the case of γ+q production, where we integrate over the antiquark phase space, we should replace zq¯ = 1−zq−zγ
to get the corresponding expressions for the above coefficients.
J ijT,1(r⊥) = zq
(
zqkγ
i
⊥ − zγki⊥
)(
zqkγ⊥ − zγk⊥
)2 ∫
l⊥
lj⊥e
il⊥·r⊥
l2⊥ + ∆1
, ∆1 = zq¯(1− zq¯)Q2 , (E8)
J ijT,2(r⊥) = −
1
zγ(1− zq¯)
∫
l⊥
[
(1− zq¯)kγ i⊥ − zγli⊥
]
lj⊥e
il⊥·r⊥(
l2⊥ + ∆1
) (
Q2 +
l2⊥
zq¯
+
kγ2⊥
zγ
+
(l⊥−kγ⊥)2
zq
) , (E9)
JT ins,2(r⊥) = − (1− zq)
zq¯(1− zq¯)2
∫
l⊥
eil⊥·r⊥(
Q2 +
l2⊥
zq¯
+
kγ2⊥
zγ
+
(l⊥−kγ⊥)2
zq
) . (E10)
The expressions for J ijT,3, J ijT,4 and JT ins,4 can be obtained from the above results simply by interchange of quark and
antiquark (i.e. k ↔ p and r⊥ ↔ −r⊥).
Appendix F: Photon+quark production cross-section for transversely polarized virtual photon
In this section, we will provide expressions for the direct and fragmentation contributions to the γ + q production
cross-section in Eq. (74) for the case of the transversely polarized virtual photon. The procedure is similar to the case
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discussed in the main text for longitudinally polarized virtual photon albeit with more contributions in each case.
1. Fragmentation photon+quark production cross-section
We begin with the expression for the cross-section for γ+qq¯ production in γ∗T +A scattering given by Eqs. (59) and
(60) and then integrate over p⊥ and ηq¯ (or zq¯). The integration over the latter is trivial using the Dirac delta function
and sets zq¯ = 1 − zq − zγ . For the integration over p⊥, we have mostly terms in Rqq¯γT which are independent of p⊥
and therefore yields the delta: δ(2)(y⊥−y′⊥). Integrating over y′⊥, we get the reduced color structure containing only
dipoles defined by Eq. (79) for such terms.
There are two kinds of terms that depend on p⊥: those proportional to the tensor function J ij ∗T,3 (or its complex
conjugate) which yield finite results upon the p⊥ integration, and one term24 proportional to ζq¯q¯ δimδjn J ijT,3 Jmn ∗T,3
which will exhibit collinear singularity. Both these terms have the general LO color structure in Eq. (47). We use an IR
regulator Λ and introduce a scale, µF to isolate the contribution from such fragmentation photons. The contributions
above the scale µF are absorbed into the remaining finite terms and together they constitute the direct photon+quark
contribution.
In terms of the momentum fraction, λγ/q¯ of the photon with respect to the parent antiquark, defined in Eq. (70)
we obtain
ζq¯q¯ =
[
z2q + (1− zq)2
] λγ/q¯
(1− λγ/q¯)2 Pγq¯(λγ/q¯) , (F1)
where the photon splitting function is defined by Eq. (73). Also, using the identity∫
l⊥
e−il⊥·r⊥
lj⊥
l2⊥ + ∆
= − ir
j
⊥
4pi
(2 ∆1/23
r⊥
)
K1(∆
1/2
3 r⊥) , (F2)
where K1 is a modified Bessel of the second kind, we can express the fragmentation contribution to γ + q production
in γ∗T +A scattering as∑
T=±1
dσ
γ∗TA→qγX
F
d2k⊥d2kγ⊥dηqdηγ
=
4Ncαemq
2
fzq
(2pi)6
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥.(x⊥−x
′⊥)e
−i kγ⊥λγ/q¯ .(y⊥−y
′
⊥) Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y )
× Dq¯→γ(λγ/q¯, µF )
λγ/q¯
[
z2q + (1− zq)2
] r⊥.r′⊥
r⊥ r′⊥
∆3K1(∆
1/2
3 r⊥)K1(∆
1/2
3 r
′
⊥) , (F3)
where the (anti)quark-to-photon fragmentation function at the scale µF is defined by Eq. (72). This can equivalently
be written in terms of the sum of the squared lightcone wavefunctions for the two transverse polarization states of
the virtual photon as
∑
T=±1
dσ
γ∗TA→qγX
F
d2k⊥d2kγ⊥dηqdηγ
=
√
2Ncαemq
2
f k⊥e
ηq
(2pi)8
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥.(x⊥−x
′⊥)e
−i kγ⊥λγ/q¯ .(y⊥−y
′
⊥) Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y )
× Dq¯→γ(λγ/q¯, µF )
λγ/q¯
∑
T=±1, α,β
ΨT ∗αβ(q
−, zq, r′⊥) Ψ
T
αβ(q
−, zq, r⊥) , (F4)
where the wavefunctions are defined as [41]
ΨTαβ(q
−, zq, r⊥) = 2pi
√
2
q−
i∆
1/2K1(∆
1/2 r⊥)
r⊥.T=+1⊥
r⊥
[
δα+ δβ+ (1− z) + δα− δβ− z
]
, T = +1 ,
i∆1/2K1(∆
1/2 r⊥)
r⊥.T=−1⊥
r⊥
[
δα− δβ− (1− z) + δα+ δβ+ z
]
, T = −1 .
(F5)
The similarity with the results obtained in Eqs. (76) and (77) for the longitudinally polarized virtual photon can be
clearly seen. We will now discuss the computation of the direct photon+quark production cross-section.
24 It is easy to check that the term proportional to imjnJ ijT,3 Jmn ∗T,3 is zero because of the symmetric nature of J ijT,3 Jmn ∗T,3 with respect
to the indices i and m.
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2. Direct photon+quark production cross-section
Following the discussion in Sec. V B, we can write the direct photon+quark production cross-section as
∑
T=±1
dσ
γ∗TA→qγX
D
d2k⊥d2kγ⊥dηqdηγ
= AT (ηq, ηγ ,k⊥,kγ⊥) + BT (ηq, ηγ ,k⊥,kγ⊥;µF ) , (F6)
where AT contains only dipoles and can be obtained as
AT (ηq, ηγ ,k⊥,kγ⊥) =
8Ncα
2
emq
4
fzq
(2pi)4
S⊥
∫
r⊥,r′⊥
e−ik⊥.(r⊥−r
′
⊥) Θ(r⊥, r′⊥|Y )
(
AT ;reg−reg +AT ;reg−ins +AT ;ins−ins
)
,
(F7)
where the color structure is defined in Eq. (94) and the three contributions constituting AT are written below
AT ;reg−reg(ηq, ηγ ,k⊥,kγ⊥) = [ζqq δ
im δjn + χqq 
im jn]
[
KijT,1(r⊥) +KijT,2(r⊥)
] [
Kmn ∗T,1 (r′⊥) +Kmn ∗T,2 (r′⊥)
]
+ [ζqq¯ δ
im δjn − χqq¯ im jn]
[KijT,1(r⊥) +KijT,2(r⊥)]Kmn ∗T,4 (r′⊥)
+ [ζq¯q δ
im δjn − χq¯q im jn]KijT,4(r⊥)
[Kmn ∗T,1 (r′⊥) +Kmn ∗T,2 (r′⊥)]
+ [ζq¯q¯ δ
im δjn + χq¯q¯ 
im jn]KijT,4(r⊥)Kmn ∗T,4 (r′⊥) , (F8)
AT ;reg−ins(ηq, ηγ ,k⊥,kγ⊥) = κqq
[ (KiiT,1(r⊥) +KiiT,2(r⊥))K∗T ins,2(r′⊥) +KT ins,2(r⊥) (Kii∗T,1(r′⊥) +Kii∗T,2(r′⊥)) ]
+ κqq¯
[ (KiiT,1(r⊥) +KiiT,2(r⊥))K∗T ins,4(r′⊥) +KT ins,2(r⊥)Kii∗T,4(r′⊥)]
+ κq¯q
[
KiiT,4(r⊥)K∗T ins,2(r′⊥) +KT ins,4(r⊥)
(Kii∗T,1(r′⊥) +Kii∗T,2(r′⊥)) ]
+ κq¯q¯
[
KiiT4(r⊥)K∗T ins,4(r′⊥) +KT ins,4(r⊥)Kii∗T,4(r′⊥)
]
, (F9)
AT ;ins−ins(ηq, ηγ ,kγ⊥) = σqq KT ins,2(r⊥)K∗T ins,2(r′⊥) + σq¯q¯ KT ins,4(r⊥)K∗T ins,4(r′⊥) . (F10)
The functions KT appearing in the above equations are defined in terms of the functions JT given in Appendix E as
KijT,1(r⊥) = J ijT,1(r⊥) e−ikγ⊥·r⊥ , KijT,2(r⊥) = J ijT,2(r⊥) e−ikγ⊥·r⊥ ,
KT ins,2(r⊥) = JT ins,2(r⊥) e−ikγ⊥·r⊥ , KT ins,4(r⊥) = JT ins,4(r⊥) . (F11)
To compute the second term, BT in the direct contribution which contains both dipoles and a quadrupole, we need
the following results∫
d2p⊥e−ip⊥·(y⊥−y
′
⊥)
{
J ijT,3(r⊥)
J ij ∗T,3 (r′⊥)
= 2pii
riyy′⊥
r2yy′⊥
e
−i (1−zq)zγ kγ⊥.ryy′⊥ eikγ⊥.ryy′⊥
{
Jˆ jT,3(r⊥)
Jˆ j ∗T,3(r′⊥)
, (F12)
where ryy′⊥ = y⊥ − y′⊥ and
Jˆ jT,3(r⊥) =
1− zq − zγ
zγ
∫
l⊥
e−il⊥.r⊥
lj⊥
l2⊥ + ∆3
= − ir
j
⊥
2pi r⊥
(1− zq − zγ) ∆1/23
zγ
K1(∆
1/2
3 r⊥) . (F13)
We have used Eq. (F2) in getting to the second equality in the above equation. The corresponding expression for
Jˆ j ∗T,3(r′⊥) is obtained taking the complex conjugate of the r.h.s of Eq. (F13) and replacing r⊥ → r′⊥.
Finally we can write the second term in Eq. (F6) as
BT (ηq, ηγ ,k⊥,kγ⊥;µF ) =
8Ncα
2
emq
4
fzq
(2pi)6
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥.(x⊥−x
′⊥)e
−i 1−zqzγ kγ⊥.ryy′⊥ Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y )
× (BT ;reg−reg(ηq, ηγ ,k⊥,kγ⊥;µF ) +BT ;reg−ins(ηq, ηγ ,kγ⊥)) , (F14)
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where
BT ;reg−reg = ζq¯q¯ pi ln
( 1
r2yy′⊥ µ
2
F
)
Jˆ jT,3(r⊥) Jˆ j ∗T,3(r′⊥)
+ 2pii
rmyy′⊥
r2yy′⊥
[ζqq¯δ
imδjn − χqq¯imjn]
[KijT,1(r⊥) +KijT,2(r⊥)]Jˆ n ∗T,3(r′⊥)
+ 2pii
rmyy′⊥
r2yy′⊥
[ζq¯qδ
imδjn − χq¯qimjn] Jˆ nT,3(r⊥)
[Kij ∗T,1(r′⊥) +Kij ∗T,2(r′⊥)]
+ 2pii
rmyy′⊥
r2yy′⊥
[ζq¯q¯δ
imδjn + χq¯q¯
imjn]
[KijT,4(r⊥)Jˆ n ∗T,3(r′⊥) + Jˆ nT,3(r⊥)Kij ∗T,4(r′⊥)]} , (F15)
and
BT ;reg−ins = 2pii
riyy′⊥
r2yy′⊥
{
κqq¯
[KT ins,2(r⊥) Jˆ i ∗T,3(r′⊥) + Jˆ iT,3(r⊥)K∗T ins,2(r′⊥)]
+ κq¯q¯
[KT ins,4(r⊥) Jˆ i ∗T,3(r′⊥) + Jˆ iT,3(r⊥)K∗T ins,4(r′⊥)]} . (F16)
The functions appearing in the above expressions are defined in Eqs. (F11) and (F13). The first term on the r.h.s of
Eq. (F15) is the contribution in ∫
d2p⊥e
−ip⊥·ryy′⊥J ijT,3(r⊥)J ij ∗T,3 (r′⊥)
above the fragmentation scale µF . Combining the expressions for AT and BT given by Eqs. (F7) and (F14) we get
the total cross-section for the direct photon+quark production of transversely polarized virtual photons.
3. Simplifying the direct photon+quark cross-section
In this section, we will follow the procedure discussed for the longitudinal case in Sec. V C where we simplify the
direct photon+quark production cross-section into an expression which contains only the dipole Wilson line correlators.
This leads to expressions for the cross-section that are fully in momentum space. This makes the subsequent numerical
analyses easier relative to the general result that also contains the quadrupole.
We remind the reader that this simplification occurs in the limit y⊥ → y′⊥ or, equivalently, in terms of the momenta
of the problem, for
kγ⊥  zγ
1− zq Qs ,
where Qs is the saturation scale that sets the scale of gradients in the correlators embedded in the LO color structure
Ξ(x⊥,y⊥;y
′
⊥,x
′
⊥). By Taylor expanding this color structure around y⊥ = y
′
⊥ and using known identities (see for
example Eq. (89)), we have shown that the higher order terms in the expansion of quantities like those in Eqs. (86)
and (87) are suppressed by powers of (Qs/v⊥), where v⊥ = (1− zq)/zγ kγ⊥. Therefore, as long as the limit defined in
Eq. (92) is satisfied for the choice of kinematics, our direct photon+quark production cross-section will be dominated
by the leading term in such an expansion which contains only dipoles.
We will use the following expressions for the leading terms in the expansion around y⊥ → y′⊥ for quantities that
appear in the quadrupole dependent contribution, BT defined by Eqs. (F14) and (F15) and (F16):∫
ryy′⊥
ln
( 1
r2yy′⊥ µ
2
F
)
e
−i 1−zqzγ kγ⊥.ryy′⊥ Ξ(x⊥,y⊥;y
′
⊥,x
′
⊥|Y )
∣∣∣
lead.
=
( zγ
1− zq
)2 4pi
k2γ⊥
Θ(x⊥,x′⊥,y⊥|Y ) , (F17)
i
∫
ryy′⊥
riyy′⊥
r2yy′⊥
e
−i 1−zqzγ kγ⊥.ryy′⊥ Ξ(x⊥,y⊥;y
′
⊥,x
′
⊥|Y )
∣∣∣
lead.
= 2pi
zγ
1− zq
kiγ⊥
k2γ⊥
Θ(x⊥,x′⊥,y⊥|Y ) , (F18)
where ‘lead.’ indicates the leading term in the limit defined by Eq. (92) and the limiting color structure is defined in
Eq. (79). Finally we will assume translational invariance of the Wilson line correlators and make the redefinition
KijT,3(r⊥) =
zγ
1− zq
kiγ⊥
k2γ⊥
Jˆ jT,3(r⊥) , (F19)
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to obtain the leading term in the direct photon+quark cross-section, in the limit of Eq. (92), for the transversely
polarized case as
∑
T=±1
dσ
γ∗TA→qγX
D
d2k⊥d2kγ⊥dηqdηγ
∣∣∣∣∣
lead.
=
8Ncα
2
emq
4
fzq
(2pi)4
S⊥
∫
r⊥,r′⊥
e−ik⊥.(r⊥−r
′
⊥)Θ(r⊥, r′⊥|Y )RqγT (r⊥, r′⊥; k, kγ) , (F20)
where S⊥ is the transverse size of the nucleus and the color structure is defined in Eq. (94). The perturbative piece
is given by
RqγT = RqγT ;reg−reg +RqγT ;reg−ins +RqγT ;ins−ins , (F21)
where the three components can be expressed compactly as
RqγT ;reg−reg =
[
ζqqδ
imδjn + χqq
imjn
] [KijT,1(r⊥) +KijT,2(r⊥)] [Kmn∗T,1 (r′⊥) +Kmn∗T,2 (r′⊥)]
+
[
ζqq¯δ
imδjn − χqq¯imjn
] [KijT,1(r⊥) +KijT,2(r⊥)] [Kmn∗T,3 (r′⊥) +Kmn∗T,4 (r′⊥)]
+
[
ζq¯qδ
imδjn − χq¯qimjn
] [KijT,3(r⊥) +KijT,4(r⊥)] [Kmn∗T,1 (r′⊥) +Kmn∗T,2 (r′⊥)]
+
[
ζq¯q¯δ
imδjn + χq¯q¯
imjn
] [KijT,3(r⊥) +KijT,4(r⊥)] [Kmn∗T,3 (r′⊥) +Kmn∗T,4 (r′⊥)] , (F22)
RqγT ;reg−ins = κqq
[ (KiiT,1(r⊥) +KiiT,2(r⊥))K∗T ins,2(r′⊥) +KT ins,2(r⊥) (Kii∗T,1(r′⊥) +Kii∗T,2(r′⊥)) ]
+ κqq¯
[ (KiiT,1(r⊥) +KiiT,2(r⊥))K∗T ins,4(r′⊥) +KT ins,2(r⊥) (Kii∗T,3(r′⊥) +Kii∗T,4(r′⊥)) ]
+ κq¯q
[ (KiiT,3(r⊥) +KiiT,4(r⊥))K∗T ins,2(r′⊥) +KT ins,4(r⊥) (Kii∗T,1(r′⊥) +Kii∗T,2(r′⊥)) ]
+ κq¯q¯
[ (KiiT,3(r⊥) +KiiT4(r⊥))K∗T ins,4(r′⊥) +KT ins,4(r⊥) (Kii∗T,3(r′⊥) +Kii∗T,4(r′⊥)) ] , (F23)
and
Rqq¯γT ;ins−ins = σqq KT ins,2(r⊥)K∗T ins,2(r′⊥) + σq¯q¯ KT ins,4(r⊥)K∗T ins,4(r′⊥) . (F24)
Expressions for all the coefficients ζ, χ, κ and σ are provided in Appendix E. The functions KT are all defined in
terms of the functions JT that are used to write the γ + qq¯ cross-section. The relations connecting these are given in
Eqs. (F11), (F19) and (F13) and the expressions for the different JT ’s are given in Appendix E.
We can now express the cross-section entirely in momentum space by defining the Fourier conjugates of the various
KT functions as K
ij
T,1(r⊥)
KijT,2(r⊥)
KT ins,2(r⊥)
 = ∫ eil⊥.r⊥
 K˜
ij
T,1(l⊥ + kγ⊥)
K˜ijT,2(l⊥ + kγ⊥)
K˜T ins,2(l⊥ + kγ⊥)
 ,
 K
ij
T,3(r⊥)
KijT,4(r⊥)
KT ins,4(r⊥)
 = ∫ eil⊥.r⊥
 K˜
ij
T,3(l⊥)
K˜ijT,4(l⊥)
K˜T ins,4(l⊥)
 , (F25)
and similarly for the dipole correlators as
S
(2)
Y (r⊥) =
∫
l⊥
eil⊥·r⊥ CY (l⊥) . (F26)
The direct photon+quark cross-section for the transversely polarized γ∗ can now be written as
∑
T=±1
dσ
γ∗TA→qγX
D
d2k⊥d2kγ⊥dηqdηγ
∣∣∣∣∣
lead.
=
8Ncα
2
emq
4
fzq
(2pi)4
S⊥
∫
l⊥
CY (l⊥)HqγT (l⊥; k, kγ) , (F27)
where
HqγT (l⊥; k, kγ) = HqγT ;reg−reg(l⊥; k, kγ) +HqγT ;reg−ins(l⊥; k, kγ) +HqγT ;ins−ins(l⊥; k, kγ) , (F28)
37
and the three terms can be expressed compactly as
HqγT ;reg−reg = Cim;jnqq
2∑
p,r=1
[
K˜ijT,p(k⊥ + kγ⊥)− K˜ijT,p(k⊥ + kγ⊥ − l⊥)
] [
K˜mnT,r (k⊥ + kγ⊥)− K˜mnT,r (k⊥ + kγ⊥ − l⊥)
]
+ Cim;jnqq¯
2∑
p,r=1
[
K˜ijT,p(k⊥ + kγ⊥)− K˜ijT,p(k⊥ + kγ⊥ − l⊥)
] [
K˜mnT,r+2(k⊥)− K˜mnT,r+2(k⊥ − l⊥)
]
+ Cim;jnq¯q
2∑
p,r=1
[
K˜ijT,p+2(k⊥)− K˜ijT,p+2(k⊥ − l⊥)
] [
K˜mnT,r (k⊥ + kγ⊥)− K˜mnT,r (k⊥ + kγ⊥ − l⊥)
]
+ Cim;jnq¯q¯
2∑
p,r=1
[
K˜ijT,p+2(k⊥)− K˜ijT,p+2(k⊥ − l⊥)
] [
K˜mnT,r+2(k⊥)− K˜mnT,r+2(k⊥ − l⊥)
]
, (F29)
HqγT ;reg−ins = 2κqq
2∑
p=1
[
K˜iiT,p(k⊥ + kγ⊥)− K˜iiT,p(k⊥ + kγ⊥ − l⊥)
] [
K˜T ins,2(k⊥ + kγ⊥)− K˜T ins,2(k⊥ + kγ⊥ − l⊥)
]
+ 2κqq¯
2∑
p=1
[
K˜iiT,p(k⊥ + kγ⊥)− K˜iiT,p(k⊥ + kγ⊥ − l⊥)
] [
K˜T ins,4(k⊥)− K˜T ins,4(k⊥ − l⊥)
]
+ 2κq¯q
2∑
p=1
[
K˜T ins,2(k⊥ + kγ⊥)− K˜T ins,2(k⊥ + kγ⊥ − l⊥)
] [
K˜iiT,p+2(k⊥)− K˜iiT,p+2(k⊥ − l⊥)
]
+ 2κq¯q¯
2∑
p=1
[
K˜iiT,p+2(k⊥)− K˜iiT,p+2(k⊥ − l⊥)
] [
K˜T ins,4(k⊥)− K˜T ins,4(k⊥ − l⊥)
]
, (F30)
and
HqγT ;ins−ins = σqq
[
K˜T ins,2(k⊥ + kγ⊥)− K˜T ins,2(k⊥ + kγ⊥ − l⊥)
]2
+ σq¯q¯
[
K˜T ins,4(k⊥)− K˜T ins,4(k⊥ − l⊥)
]2
(F31)
In Eq. (F29), the prefactors are defined as
Cim;jnqq = ζqq δ
im δjn + χqq 
im jn Cim;jnq¯q¯ = ζq¯q¯ δ
im δjn + χq¯q¯ 
im jn , (F32)
Cim;jnqq¯ = ζqq¯ δ
im δjn − χqq¯ im jn , Cim;jnq¯q = ζq¯q δim δjn − χq¯q im jn . (F33)
The final expressions for the momentum space K˜T terms, that constitute the cross-section in Eq. (F27) above, are as
follows:
K˜ijT,1(l⊥) =
kiγ⊥ − zγzq ki⊥
(kγ⊥ − zγzq k⊥)2
lj⊥
l2⊥ + ∆1
, (F34)
K˜ijT,2(l⊥) = −
1
zγ (zq + zγ)
[
(zq + zγ)k
i
γ⊥ − zγ li⊥
]
lj⊥
(l2⊥ + ∆1)
(
Q2 +
l2⊥
1−zq−zγ +
k2γ⊥
zγ
+
(l⊥−kγ⊥)2
zq
) , (F35)
K˜ijT,3(l⊥) = −
1− zq − zγ
1− zq
kiγ⊥
k2γ⊥
lj⊥
l2⊥ + ∆3
, (F36)
K˜ijT,4(l⊥) =
1
zγ (1− zq)
[
(1− zq)kiγ⊥ + zγ li⊥
]
lj⊥
(l2⊥ + ∆3)
(
Q2 +
l2⊥
zq
+
k2γ⊥
zγ
+
(l⊥+kγ⊥)2
1−zq−zγ
) , (F37)
K˜T ins,2(l⊥) = − 1− zq
(1− zq − zγ) (zq + zγ)2
1(
Q2 +
l2⊥
1−zq−zγ +
k2γ⊥
zγ
+
(l⊥−kγ⊥)2
zq
) , (F38)
K˜T ins,4(l⊥) = − zq + zγ
zq (1− zq)2
1(
Q2 +
l2⊥
zq
+
k2γ⊥
zγ
+
(l⊥+kγ⊥)2
1−zq−zγ
) . (F39)
38
Appendix G: Differential cross-section for inclusive quark production from qq¯ production in DIS
The unpolarized differential cross-section for qq¯ production in γ∗ +A scattering is given by [41]
dσγ
∗
LA→qq¯X
d2k⊥d2p⊥dηqdηq¯
=
8Ncαemq
2
f
(2pi)6
δ(1− zq − zq¯)
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥.(x⊥−x
′⊥)e−ip⊥.(y⊥−y
′
⊥) Ξ(x⊥,y⊥,y
′
⊥,x
′⊥|Y )
× z3q (1− zq)3Q2K0(∆1/2r⊥)K0(∆1/2r′⊥) , (G1)
∑
λ=T=±1
dσγ
∗
λA→qq¯X
d2k⊥d2p⊥dηqdηq¯
=
4Ncαemq
2
f
(2pi)6
δ(1− zq − zq¯)
∫
x⊥,y⊥,x
′⊥,y′⊥
e−ik⊥.(x⊥−x
′⊥)e−ip⊥.(y⊥−y
′
⊥) Ξ(x⊥,y⊥,y
′
⊥,x
′⊥|Y )
× zq(1− zq)
[
z2q + (1− zq)2
] r⊥.r′⊥
r⊥ r′⊥
∆K1(∆
1/2r⊥)K1(∆1/2r′⊥) .
(G2)
where the color structure Ξ(x⊥,y⊥;y
′
⊥,x
′⊥|Y ) is given by Eq. (47) contains dipoles and a quadrupole, and ∆ =
zq(1− zq)Q2.
The expression for the unpolarized differential cross-section for inclusive quark production can be obtained by
integrating the antiquark phase space:
dσγ
∗
λA→qX
d2k⊥dηq
=
∫
d2p⊥dηq¯
dσγ
∗
λA→qq¯X
d2k⊥d2p⊥dηq dηq¯
. (G3)
The integration over p⊥ results in a delta function δ
(2)(y⊥ − y′⊥) which reduces one of the transverse integration.
Furthermore, assuming translation invariance of correlators we obtain
dσγ
∗
LA→qX
d2k⊥dηq
=
8Ncαemq
2
fz
3
q (1− zq)2
(2pi)4
S⊥
∫
r⊥,r′⊥
e−ik⊥.(r⊥−r
′⊥) Θ(r⊥, r′⊥|Y )Q2K0(∆1/2r⊥)K0(∆1/2r′⊥) , (G4)
∑
λ=T=±1
dσγ
∗
λA→qX
d2k⊥dηq
=
4Ncαemq
2
fzq
(2pi)4
S⊥
∫
r⊥,r′⊥
e−ik⊥.(r⊥−r
′⊥) Θ(r⊥, r′⊥|Y )
[
z2q + (1− zq)2
] r⊥ · r′⊥
r⊥ r′⊥
∆K1(∆
1/2r⊥)K1(∆1/2r′⊥) .
(G5)
where the color structure Θ(r⊥, r′⊥|Y ) is given by Eq. (94) and only involves dipoles.
In momentum space these expressions take the form:
dσγ
∗
LA→qX
d2k⊥dηq
=
8Ncαemq
2
fz
3
q (1− zq)2
(2pi)2
S⊥
∫
l⊥
CY (l⊥)
∣∣∣∣ Qk2⊥ + ∆ − Q(k⊥ − l⊥)2 + ∆
∣∣∣∣2 , (G6)∑
λ=T=±1
dσγ
∗
λA→qX
d2k⊥dηq
=
4Ncαemq
2
fzq
[
z2q + (1− zq)2
]
(2pi)2
S⊥
∫
l⊥
CY (l⊥)
∣∣∣∣ k⊥k2⊥ + ∆ − (k⊥ − l⊥)(k⊥ − l⊥)2 + ∆
∣∣∣∣2 . (G7)
We can now write the general expression for the differential cross-section for inclusive quark production in e+A DIS
at small x as
dσeA→e
′qX
dW 2dQ2d2k⊥dηq
= fL(Q
2,W 2)
dσγ
∗
LA→qX
d2k⊥dηq
+ fT (Q
2,W 2)
∑
λ=T=±1
dσγ
∗
λA→qX
d2k⊥dηq
. (G8)
It is also interesting to observe that upon integration over the quark phase space (k⊥, ηq), one recovers the LO
cross-section for fully inclusive DIS at small x.
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